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MATH 230 MIDTERM #1
September 30, 2013

INSTRUCTIONS: This is a closed book, closed notes exam. You are not to
provide or receive help from any outside source during the exam.

e You may NOT use a calculator.

e Show all of your work.
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Official Cheat Sheet

1.

Let A be a set. Then 24 is the set of all subsets of A. For example, if
A ={1,2}, then 24 = {0, {1}, {2}, {1,2}}.

|A| is the number of elements of A. A useful formula is: |4 U B| =
|Al +|B| —|AN B| if A and B are finite sets. Another useful formula is
]2A| = 214 when A is finite.

Here are some Boolean algebra properties (which can be translated easily
to set properties by equating V with U and A with N}:

ez ANy=yAzandzVy=yVez.

e (zAy)ANz=xA(yANz)and (zVy)Vz=aV (yV2).

ez AN(yVz)={(xzAy)V(@Az)andzV (yAz)=(zVy AlzV2).
Z is the set of integers. N = {1,2,3,...} is the set of positive integers.
Let A and B be sets. Then

e AUB ={zjzr € Aorz € B},

e ANB = {z|r € Aand z € B},

e A—B={zjz € Aand z ¢ B},

e AAB=(A—-B)U(B—A).

o Ax B={(a,b)|ac Aand be B}

Let ¢ and b be integers.

e o is even if there exists an integer ¢ such that a = 2¢.

a 1s odd if there exists an integer ¢ such that a = 2¢ + 1.

We say alb (a divides b) if there exists an integer ¢ such that b = ac.

® ¢ is composite if |a] > 1 and there exists ¢ such that 1 < ¢ < |a| and
cla.

a is prime if @ > 1 and a is not composite.

2

a is perfect if a equals the sum of its positive divisors less than a.
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1. True or False (Just answer true or false, you don’t need to explain your
answer):

(a) [2 points] -23 is prime. Fas e [ to be prime A woald hace

-é— l: - f O‘f!f e
(b) [2 points] 7|1001. _ .
I Rug { “'_:f_,qj )
(c) [2 points] The sum of two odd numbers is odd.
F”ALSE (T’I‘Q 4W1§-~KW%)

(d) [2 points] T'C A if and only if T € 24
'T“K u & ( 19":) c@im%)
2 points| 0 C {0}.
(¢) [2 points] @ C {0} Toue (e el Wﬁ Fg o %“W’f/;

(i ;
(f) [2 points] Let n = 2P~1(27 — 1) where 27 — 1 is prime. 7 is a perfect
number. o - i
True < Proved in clan

(g) [2 points] 2 € {1,2,{1,2}}.
TRUE

(h) [2 points] If z° < 0, then z is a perfect number. , .
7 b
| o ¢ satisties o, s
T RUE (

LI acueus statement)
(i) [2 points] Two right triangles that have hypotenuses of the same
: h a.
length have the same area c){w/& . L\\\ o dren 6 \

FalLsSE )
g hoy Gt vé% A
(i) [2 points] Vx € Z,3y € Z,zy = 1. ~ &“

Fﬂf;l‘S{? (/ Fav X‘:D-} %ffi\ﬂtf'f. < pa 36"{2 /)
i s hz;“’f_‘ L, ;ﬂfféiﬂ‘?‘

.
z
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2. For the following pairs of statements A, B, write a if the statement “If
A, then B” is true, write b if the statement “If B, then A” is true and
write ¢ if the statement ” A if and only if B is true”. You should write all

that apply.
(a) [5 points] A: 2 > 0. B: 2% > 0.

a

(b) [6 points] A: Ellen is a grandmother. B: Ellen is female.

a

(c) [6 points] A: z is odd. B: z + 1 is even.

a, b, ¢

(d) |5 points] A: Polygon PQRS is a rectangle. B: Polygon PQRS is
a square,
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3. Proofs:
(a) [5 points] Using the definition of odd integer provided in the “cheat
sheet”, prove that if n is an odd integer, then —n is also an odd
integer. ,
P@i . Let he am  edd MJ[%W- Tharepe-c thae @Wj’ Gn ;,—,ZL{%{
¢ gq(,l(\ %A.,wi Vi lC'H,
-n = Ao
= - dc-2 +
= o (-e-1)+1
= 2 {i +
. Lﬂfvf_ d = ¢ -1\
T hertfot

Yhoe exists an mfagﬂv d
‘f}‘éf&ﬁ"’fm AN s @M ;mfeg,a,a@

(b) {5 points| Let a,b and d be integers. Suppose b = ag + r where ¢

S~{_LCL\ f’ju‘;{i ”"’1":"&30[“}“{

/ el | ot

and r are integers. Prove that if d|a and d|b, then d|r.

i, b, d, g, v beinfeen such th
ond e et 41

Lt@g%r
S il C’”a ’E’ZM '&MS{? Gm éﬂ%ﬂff ¥y S"m»’i\ %/UJ{ Q:Cim
Siale CHE {W e x/s T anm 3§’1}L°‘3jﬂvn 5%()‘ é&/{ Q":‘Cgk’}
TM&ALU%
L }) e (X C}{
= dn - (dm) g
- ci ( g -—fmg})
= de
‘ %:‘?"f =z m”“"iw
‘T)\Mﬁwg»{

%’M W g ‘m%{ifr' ¢ Sw;}\ {’}wﬁz Y"ZO{C_
TW (:HY'.

I
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4. Find counterexamples to disprove the following statements:

(a) [5 points] An integer z is positive if and only if = + 1 is positive.

X =0 iSO Coun{‘ﬂ‘fé’%’ﬁmfzi sinee x4l zlos

P@g;%;vf, ﬂe% O is ndf ﬁ&%»

(b) [5 points] An integer is a palindrome if it reads the same forwards
and backwards when expressed in base 10. For example, 1331 is a
palindrome. All palindromes are divisible by 11.

!Oi s R ’i)c;f’\(, mmf jg{’ % Y V‘a{)% oﬁ;w&é

L\‘j 3!/ 5O ;% ;3 a Cf)un{’t‘\f@mnﬂf

(c) [6 points] If a, b and ¢ are positive integers then al®) = (ab)c,
A=, h=3, ¢=
2 : 9
) e 3\ b ) # 2P

<o G=1, b=3,¢:22 IS o {Dmn%"ﬁ V{fkam})lf«
(d) [5 points] Let A, B and C be sets. Then A—(B—C) = (A—B)~C.

L AT BB,
A-(-c) = 5 (i) 188 = D
A-g)-c = (0,9°88)-ppf= Dnatnds 75
fis WJL:) seon , Hhis 15 o Couder epanel since
A-(8-C)F (4-5) ~¢ jnths crampb
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5. Boolean Algebra

(a) [5 points| Prove or disprove that the Boolean expressions x — -
and —(z — y) are logically equivalent.

(b) [5 points| The expression x — y can be rewritten in terms of only
the basic operations A,V and —; that is,z — y = (-2) Vy. Find an
expression that is logically equivalent to x < y that uses only the
operations A, V, — and prove that your expression is correct.

X &=y ":f{ @""i}()\/j\) A ( - (ﬁj}} /

N
X&"“’““"’“’?fj ((-..._ix\)\/\j.) (){v’(”"‘!j)

,T\ (T_ \‘:hm}m ( N v F) e A‘T T \

N NGRS P T rTT??” =

}:': ;- e '?_H\) ‘:“**“m- ‘ e \

i_ ] (& v ft ( r’“:‘if:’) = T"/i - :_JL[:: ;
\T <T v P\) A ( FvT)=TaT :\7—
L

. .n,%@ { j( Gl ij% %qu‘(é}
AM/%/L/ poss) )C% %L&%’w@“{" L(/x&j} ('(”"3%\)/\{‘“‘133)
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6. Consider the following proposition. Let N be a two-digit number and
let M be the number formed from N by reversing the digits of N. Now
compare N? and M?. The digits of M? are precisely those of N?, but
reversed. For example:

102 = 100 012 = 001
112 =121 112 = 121
122 — 144 212 = 441

132 = 169 312 = 961

and so on. Here is a proof of the proposition:

Proof. Since N is a two-digit number, we can write N = 10a+ b where a
and b are the digits of V. Since M is formed from N by reversing digits,
M =10b+ a.

Note that N? = (10a + b)* = 100a* + 20ab + b? = (a?) x 100 + (2ab) x
10 + (b%) x 1, so the digits of N? are, in order, a2, 2ab, b*.

Likewise, M?* = (10b + a)? = (b*) x 100 + (2ab) x 10 + (a?) x 1, so the
digits of M? are, in order, b?,2ab,a?, exactly the reverse of N2, which
completes the proof.

(a) [5 points] Prove that the proposition is false.

= 205
\5 225 and 260

%}1: 1‘5(’_}@‘3‘ EO@“}i:g‘{oC‘i af /Mgﬁ’j\x}{’ '{"g‘f‘?(sj 5(

(b) 5 points] Explain why the proof is invalid.

C&? Zafj ga et {;Wa 111%‘&0) 6t W{w Lzﬁ ’{’A@«

mw/ww\ fo i ' i
L\' W‘SL}MW{L(%MU%CMM%[&e’mg

. bis i wte
o HWX o hﬁ W The. prog] &G%J t//jéﬁ t
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7. Counting

(a) [5 points] In how many ways can we make a list of three integers
(a,b,¢) where 0 < a,b, ¢ < 9 such that a + b + ¢ is even?

):) )\M G (/iWa C@fﬂ /\W”(.W)

o R
¢ }uw 5 ‘C,L;{Ue&g (&A m&;jz’wﬁy ;? coirh i S mfeg

(b) [5 points| In how many ways can we make a list of three integers
(a,b,c) where 0 < a,b, ¢ < 9 such that abe is even?

bopen Sor abe ngh do do ewen ah,Comed b
. Ther e (@b el (ehe) and 5
& %J\Q’m W a,b, ¢ ﬁfu @Jcﬂ .
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8. Evaluate the following:

100
g
(a) [5 points] HT
k=1
245 o)

YT
o = Qf
\‘LK‘!OQ) e

k
(b) [5 points] .
P k1
ol 2" ico
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9. Let A x B={(1,2),(1,3),(1,7),(2,2),(2,3),(2,7) }.
(a) [5 points] What is AU B?

A’:i‘s;'ﬁ "

\S:fz’sf*?? AU% i/?’/ﬁ’?j /

(b) [5 points] What is AN B?

_ S
? ﬁ q {5 - i 2% \\
— I
(c) [5 points] What is A — B?

(25 1

(d) [5 points] What is AAB?

\A SIALE A)
- 45 v (35.79) ¢ gljﬂ,wj
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10. [10 points] Let A, B and C be sets. Prove that
(AUB)—C=(A—C)U(B-C).
Vey: B (=7)
YA 5 e(pun)-C
bon xcpud ad Y €C
bhn  yed e xe B and x¢C
Thetre [ xeh ol xgc) e (xeB od e C)
T losgort xe[A-clulh-c)

((i:-) M XCW(A “C\—)U([J‘)-—-C) .
TJ&/‘ X€ (AWC> o Y{f@?"()

e (yehod ngl) (xen ol rec)

7 Gﬁé4@»rx€5>ﬁm0{ xd C

‘ Gus)—C
Goa X & v LK

A m o= ”xf,f}/ n= Xebh = X¢g C.

L Wi

[ ) skbhive Peoperty)

= (‘mvn\/\ Y

J = [&enlv (xe ) alxge))

(moac)v (nar)

30 ((x &) »’t('xgiaﬂ v (ed a lxd)

Thetg< fe (p-cHu(B-0) = (avB)- ¢ :



