
Name:

Math 230 Midterm #3
November 25, 2013

Instructions: This is a closed book, closed notes exam. You are not to
provide or receive help from any outside source during the exam.

• You may NOT use a calculator.

• Show all of your work.

Question Points Score

1 20

2 15

3 10

4 20

5 20

6 10

7 15

Total: 110
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1. True or False (Cardinality Edition, if you get it wrong you lose 1
point, so be extra careful):

(a) [2 points] Two sets have the same cardinality if there exists a bijec-
tion from one of them to the other.

(b) [2 points] The cardinality of N is the same as the cardinality of R.

(c) [2 points] The cardinality of 2N is the same as the cardinality of R.

(d) [2 points] The cardinality of (0, 1) is the same as the cardinality of
[0, 1].

(e) [2 points] f(x) = 2x− 1 is a bijection from (0, 1) to (0, 2).

(f) [2 points] If f : A→ B is onto and g : B → C is onto, then g ◦ f is
onto.

(g) [2 points] Suppose |A| > |B|, then there is no one-to-one function
f : B → A.

(h) [2 points] Cantor’s theorem states that there is no onto function
f : A→ 2A.

(i) [2 points] Suppose f : A → B is one-to-one and g : B → A is
one-to-one. Then f is onto.

(j) [2 points] f(x) = tan x is a bijection from (−1, 1) to R.
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2. Determine if the following sets are functions and explain why or why
not:

(a) [5 points] f = {(x, y) | x + y = 0}.

(b) [5 points] f = {(x, y) | xy = 0}.

(c) [5 points] f = {(x, y) | x divides y}.
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3. Let f be a function. f−1 is usually reserved to symbolize the inverse
of a function, let’s extend this definition in the following way: Suppose
f : A→ B is a function and Y is a subset of B. Then we define f−1(Y )
to be the set of all elements in A that are mapped to a value in Y . That
is,

f−1(Y ) = {x ∈ A : f(x) ∈ Y }.
For example, suppose f : Z → Z with f defined as f(x) = x2. Then
f−1({1, 2, 3, 4}) = {1,−1, 2,−2}. (Note that

√
2, −
√

2,
√

3 and −
√

3 are
not integers which is why those numbers don’t appear in f−1({1, 2, 3, 4}).)
(a) [5 points] Let f : Z → Z be f(x) = |x| (absolute value). If Y =
{1, 2, 3}, what is f−1(Y ).

(b) [5 points] Let f : R→ R be f(x) = x2. If Y = [1, 2], what is f−1(Y ).
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4. Let f : Z→ Z be defined by f(x) = x3 and
let g : R→ R be defined by g(x) = x3.

(a) [5 points] Prove or disprove: f is one-to-one.

(b) [5 points] Prove or disprove: f is onto.
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(c) [5 points] Prove or disprove: g is one-to-one.

(d) [5 points] Prove or disprove: g is onto.
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5. Let A = {1, 2, 3, . . . , 10} and B = {1, 2, 3}.
(a) [5 points] How many functions f : A→ B are there?

(b) [5 points] How many functions f : A → B satisfy that f(1) = 1,
f(2) = 2 and f(3) = 3?
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(c) [5 points] How many functions f : A→ B are one-to-one?

(d) [5 points] How many functions f : A→ B are onto? (BONUS)
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6. Pigeonhole

(a) [5 points] Prove that if you select 1007 numbers from the set
{1, 2, 3, . . . , 2013}, at least two of the numbers will be consecutive.

(b) [5 points] 10000 fans went to see a soccer game. Prove that there
are at least 28 people with the same birthday.
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7. Diagonals of polygons

(a) [5 points] How many diagonals does a regular pentagon have? (Note:
A line segment of a polygon is considered a diagonal if it is the
line segment between two vertices of the polygon but not a side of
the polygon. For example, a triangle has no diagonals because the
line segments connecting two vertices of the triangle are the sides
of the triangle, while the square has two diagonals because the line
segments connecting two opposite corners of a square are not sides
of the square.)

(b) [5 points] How many diagonals does a regular heptagon have? (Note:
An heptagon has 7 sides)
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(c) [5 points] How many diagonals does a regular n-gon have? (Explain
why it has the number you claim).


