4
The Box Principle

The simplest version of Dirichlet’s box principle reads as follows:

If (n 4 1) pearls are put into n boxes, then at least one box has more than one

This simple combinatorial principle was first used explicitly by Dirichlet (1805-

1859) in number theory. In spite of its simplicity it has a huge number of quite
tinexpected applications. It can be used to prove deep theorems. F.P. Ramsey made
st generalizations of this principle. The topic of Ramsey Numbers belongs to the
deepest problems of combinatorics. In spite of huge efforts, progress in this area
wvery slow.
118 easy to recognize if the box principle is to be used. Every existence problem
ot finite and, sometimes, infinite sets is usually solved by the box principle.
The principle is a pure existence assertion. It gives no help in finding a multiply
cupied box. The main difficulty is the identification of the pearls and the boxes.
‘For a warmup, we begin with a dozen simple problems without solutions:

Among three persons, there are two of the same sex.
Among 13 persons, there are two born in the same month.

. Nobody has more than 300,000 hairs on his head. The capital of Sikinia has
:300,001 inhabitants. Can you assert with certainty that there are two persons
with the same number of hairs on their heads?

- How many persons do you need to be sure that 2 (3, ¢) persons have the
same birthday?
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CHgs+1 pearls are put into s boxes, then at least one box has more tha
pearis.

A line ! in the plane of the triangle A BC passes through no vertex
that it cannot cut all sides of the triangle.

. A plane does not pass through a vertex of a tetrahedron. How many ¢
can it intersect?

_ A target has the form of an equilateral triangle with side 2.
{a) Ifitishit 5 times, then there will be two hotes with distance <
(b) Tt is hit 17 tmes. What is the minimal distance of two holes at mos|

 The decimal representation of a /b with coprime a, b has at most pe
(b~ 1)

 From 11 infinite decimals, we can select two numbers a, & so that the
imal representations have the saine digits at infinitely many COTTESPON
places.

11. Of 12 distinct two-digit numbers, we can select two with a two-digit
ence of the form ad.

12, 1f none of the numbers @, & -+ d,....a+n—1Ddis divisible by
and n are coprime. G

The next eleven examples show typical applications of the box pzincipﬁ_é

E1. There are n persons present in a room. Prove that among them t
persons who have the same number of acquaintances in the room,

Solution. A person (pearl) goes into box #i if she has i acquaintances:
persons and n boxes qambered 0,1, ..., n— 1. But the boxes with th
and n — 1 cannot both be occupied. Thus, there is at 1east one box Wit
one pearl. ;

£2. A chessmaster has 77 days to prepare for a towrnament. Hé_.fv:
at least one game per day, but not more then 132 games. Prove th
sequence of successive days on which he plays exactly 21 games.

Solution. Let g; be the number of games played until the /th day ing
l<a <...<an 5132:#225@-%“21 < a;+21 .. =m

Among the 154 Aumbers ai, . . - » 477,01 + 21, ...,an+ 21 the'r:t?
numbers. Hence there are indices i, j, so thata; = aj + 21. The
played exactly 21 games on the days #i4Lj+2,000 i,

£3, Let ar,ay, .- 0a be n not necessarily distinct integers. The
exists a subset of these numbers with sum divisible by n. g




4. The Box Principle 61

s. then at Jeast ong box has more than g slution. We consider the n integers
2

=a, =g +d HB=atdata,..., Sa=maytatoan.
. ABC passes through no vertex. Prove
angle.

ertex of a tetrahedron. How many adges

any of these integers is divisible by n, then we are done. Otherwise, all their
smiainders are different modulo . Since there are only  — 1 such remainders, two

eral triangle with side 2. syt ta

ill be two holes with distance < 1.

I : 3] is p {OOf CGIltaIDS an I]|1p0rtant iTJOtl\ie '
3 1 v o ()leS a.t EIIOS?. . i pp 1S 10 1 ln']ber

b with coprime 4, b has at most perio
' We select {n -+ 1) numbers ay, ..., g, and write them in the form
iawith &; odd. Then we have (r 4+ 1) odd numbers by, . . ., b,y from the
2n — 1}, But there are only » odd nwmbers in this interval. Thus two of

‘gelect two numbers , b so that their dec
e digits at infinitely many correspondin;

we can select two with a two-digit diffe

] B Oﬁ_si&ér the remainders mod b of the sequence a, ..., (b — Da. The
. a4 (n—1)dis divisible by n, the loes not oceur. If the remainder 1 would not occur either, then we

coprime. Hence we have blg — p. This is a contradiction since
us there exists an x sothatax = 1 (mod b), that is, ax=1+by,

_applications of the box principle.

som. Prove that among them there a
acquaintances in the room.

»x #i if she has i acquaintances. We ha
_,n— 1. But the boxes with the numh.

ws, there is at least one box with m géneraﬁzation: e 1t vy s

s either a monotonically increasing subsequence of length p
ecreasing subsequence of length 4.
imal fength L,, of a monotonically increasing sequence with
maximal length R,, of a monotonically decreasing sequence
any number m in the sequence.
has the property that, for two different numbers m and k there
% Rg. This follows easily from the fact that either m > k
i Ry withm == 1,2, ..., n are distinct. Assuming that no
Ly-can assume only the values 1,2, ..., p — 1 and Ry,
.+ 1. This gives (p — 1}(g — 1) different boxes for the
l) + 1 and the box principle leads to a contradiction.,

epare for a tournament. He wants
ore then 132 games. Prove rhat.tha_z
he plays exactly 21 games.

nes played unti} the ith day inclusie,

;+2‘;<a2%«2i ... <apF2
a;+2},...,a77+21 there a}:e_
, so that a; :aj+21.The c.hes:.
#j+i,j+2,...,i. _

sssarily distinct integers. Then
sum divisible by n.

7 :sn in the plane lattice. Prove that you can always

th _
: nissuchithat the segment joining these points passes through
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