Cardinality Homework Solutions

April 16, 2014

Problem 1. In the following problems, find a bijection from A to B (you need not prove that the function
you list is a bijection):

(a) A=(-3,3), B=(7,12).
(b) A=(0,2), B=(0,1).

(¢c) A=(1,7), B=(-2,2).
(1) A=N, B=1.

() A=R, B = (0,00).

(f) A=N, B={¥2 : neN}
() A={0,1} xN, B=N.
(h) A=10,1], B=(0,1).

Solution 1. (a) f(z) = %x—l— %

(b) f(a) = g
() fla)= 2o~

(d) The idea is to have f(1) = 0 then alternate f(2) =1, f(3) = —1, f(4) =2, f(5) = —2 and so on. In
a pretty math formula it looks as follows:

n .
5 , if n is even,

fn) =

if n is odd.

(e) flx)=e".

[

() fz) = —.

(9) Let (a,b) € {0,1} x N. The idea is to send the terms with a = 0 to the even integers and the a = 1
terms to the odd positive integers. In a pretty formula it looks as follows:

2b . ifa=0,

f((aab)) = {
26—-1 , ifa=1.



(h) We discussed in class that the strategy for this was to find a countable subset and play around with it
(in this case “deleting” two terms from it). A possible bijection is the following:

1
- iFfr=0
2 9 Zf':lj )
— 1
fla) = e z'fx:%forsomeneN,
T , otherwise.

Problem 2. Prove or disprove that the following sets are countable:
(a) A={logn : n € N}
(b) A={(m,n) e NxN:m<n}.
(c) A=QL0,
(d) The set of irrational numbers.

Solution 2. (a) Let f : N — A be defined as f(n) =logn. [ is one-to-one because logx = logy implies
x =1y. [ is onto because the image of f is exactly the set A. Therefore f is a bijection. Therefore A
is countable.

(b) A CNxN. Therefore |A| < |N|. But since A is also infinite (indeed, n is unbounded in the set), then
|A| = N. Therefore A is countable.

(c) Q1 =Q xQ x---xQ is a cross product of countable sets. Since the finite cross product of countable
sets is countable. The set is countable.

(d) Let A be the set of irrationals. Since every real number is either rational or irrational, then AU Q =
R. Suppose for the sake of contradiction that A is countable. Then since Q is countable, AU Q is
also countable. Therefore R is countable. This contradicts the fact that the set of real numbers is
uncountable. Therefore A is uncountable.

Problem 3. Let A and B be sets. Prove that if |A| < |B| and |B| < |A], then |A| = |B|.
Remark 1. This result is known as the Cantor-Bernstein-Schéeder Theorem.

Solution 3. Because |A| < |B|, there exists a one-to-one function f : A — B. Because |B| < |A|, there
exists a one-to-one function g : B — A and hence there is a bijection g~* : Im(g) — B. Note that g1 is
already a bijection, so consider the following function:

97 'a) ,  ifaelImg),

f(a) , ifae A—1Im(g).

hl(a) =

Because g~ ' is onto, hy is onto, but it’s not one-to-one because any element in the image of f is also in the

image of g~'. So we have an onto function but it’t not one-to-one yet. It does however only fail one-to-one-
ness in a subset of the image of f. We can try to shrink the parts where it fails one-to-one-ness. Consider
the following function:

g '(a) , ifa € (Im(g)—Im(go f))U(Im(go fog)),

fla) — ifae(A—TIm(g)U(Im(go f)—Im(ge fog)).
ha is onto by construction (using that g=* is a bijection) and now the space where hy fails to be one-to-one is
in a subset of the image of fogo f which is smaller than the image of f. We can keep iterating this process
and shrink the area that fails the one-to-one-ness while keeping the onto-ness. The question is whether this
shrinking leads to the empty set eventually. Note that in hy we use f(a) whenever a € A — Im(g) and in ho



we use f(a) whenever a € (A—Im(g))U(Im(go f)—Im(go fog))=(A—1Im(g))U((go f)(A—Im(g))).
There’s a pattern here that can be extended. Let

Go = A —1Im(g),
G1={go f(a)]a € Gy},
Gn={go f(a)|a € Gp_1} for n>2.

Now let -
G=JG.
i=0
Since every G; is a subset of A, then G C A. Now define the following function:
fla) , ifacG,

97 'a) , ifagdG.

h(a) =

h is a function from A to B because h has a unique output for each input a € A and because the image of h
is a subset of B (since f and g~—' are functions to B).

Now let’s prove that h is a bijection. First we’ll show that h is one-to-one. Suppose h(x) = h(y) for
x,y € A. We have three cases:

(i) If x and y are in G, then h(z) = h(y) implies f(x) = f(y) and since f is one-to-one it implies that
T =y.

1

(ii) If x and y are not in G, then h(x) = h(y) implies g~ (z) = g~ 1(y) and since g~ is one-to-one then

T =y.

(ii5) If z is in G and y is not in G, then h(z) = h(y) implies f(x) = g~'(y), therefore go f(z) =y ¢ G. But
since x € G that means there exists an integer k such that x € Gy. Since x € Gy, then go f(x) € Gi41,
so go f(x) € G. This contradicts that y € G.

Note that we don’t need the fourth case x & G, y € G because it is analogous to the process in case (iii).
Since h(x) = h(y) implies © =y, then h is one-to-one.
To finish the theorem we need only prove h is onto. Let y € B. We’ll prove it by considering two cases

(i) If g(y) &€ G, then h(g(y)) = g~ (9(y)) = y. therefore y € Im(h).

(i) If g(y) € G, then there exists an integer k such that g(y) € Gy. Since g(y) ¢ A —Im(g) (because g(y)
must be inside the image of g), then k > 1. Since k > 1 and g(y) € Gk, then g(y) = go f(x) for some
element © € Gy_1. But then z € G, so h(z) = f(z) = g7 '(g(y)) =y and hence y € Im(h).

Therefore h is onto and hence we have a bijection from A to B proving that |A| = |B].
Problem 4. Prove that |(0,1)] = |[0, 1]].

Solution 4. We can prove it by showing that the function in exercise (g) of Problem 1 is a bijection but we
can prove it quickly by using the Cantor-Bernstein-Schoeder theorem as follows:

(1) 1(0,1)] <|[0,1]] because (0,1) C [0,1]. Since |(0,1)| = |R| this means |R| < |[0,1]|.
(2) 110,1]] < |R| because [0,1] C R.
Combining (1) and (2) using the Cantor-Bernstein-Schoeder theorem we conclude that |[0, 1]| = |R| = |(0,1)].

Problem 5. Dedekind decided he wanted to write a definition of an infinite set that did not depend on the
natural numbers. He defined it as follows: “A is an infinite set if there exists a proper subset B of A (that
is, B C A and A # B) such that |A| = |B|.” We’ll call sets satisfying this condition “Dedekind-infinite”
sets.



(a) Prove that if A is a finite set, then A is not Dedekind-infinite.
(b) Prove that if A is an infinite set, then A is Dedekind-infinite.

Note that proving (a) and (b) means that the natural definition of an infinite set (saying that it is not finite)
is equivalent to the Dedekind definition.

Solution 5. For part (a) suppose for the sake of contradiction that A is finite and A is Dedekind infinite,
i.e., there exists a proper subset B of A such that |A| = |B|. Since A is finite let |A| = |B| = n for some
integer n. Since B is a proper subset of A, then there exists an elementa € A— B. A— B and B are disjoint
and finite, therefore
n=|Al=[{(A-B)UB|=|(A-B)|+|B|>1+n.

n >n+ 1 is a contradiction, therefore A is not Dedekind infinite.

Part b is harder. Let A be an infinite set. The goal is to find a proper subset B of A such that |A| = |B|.
The idea is to let B be A minus one element. Let’s figure out how to take one element of A without losing
cardinality. Since A is infinite, then we can find a countable subset of A as follows:

e Since A is non-empty, there exists an a3 € A. Let Ay = A — {a1}, since A is infinite, Ay is also
infinite.

e Since Ay is non-empty, there exists an as € Ay. Let Ay = A—{a1,a2}. Since A is infinite, As is also

infinite.
o Letn > 2. Since A,_1 is non-empty, there exists an a, € Ap—1. Let A, = A —{a1,a2,...,an-1,0n}.
Since A is infinite and {a1,...,an—1,a,} is finite, then A, is infinite.

Following that process we can find an infinite subset {a1,as,as,...} of A. Now define the following function
f A — A1 N
nt1 , if x = ay for somen € N,

flz) =

T ,  otherwise.
The function is one-to-one because if f(x) = f(y) then one of three cases occurs:

o If v = a, and y = a,, for some n and m, then f(x) = f(y) implies an41 = Am41, SO0 N = M, S0
Ap = G, and hence T =y.

o Ifx = a, for somen and y # a,, for any m, then f(x) = f(y) implies an+1 =y, but that contradicts
that y is not of the form a,,.

o Ifx # ay for any n and y # an, for any m, then f(x) = f(y) implies x = y.

Therefore f is one-to-one. f is onto because if y € Ay, then either y = a, for some integer n > 2 and hence
flan—1) = an =y ory # ay for any integer n > 2 and then f(y) = y unless y = a1. Since y € Ay, then
y # ay. Therefore for any y € Ay, there exists an x € A such that f(x) =y. This proves f is onto. Since f
is onto and one-to-one, |A| = |A1|. Since Ay C A and A # A, then A is Dedekind infinite.

Problem 6. Let § be the set of all functions N — {0,1}. Show that |R| = |F|.

Solution 6. We’ll prove that |§| = 2| and since |2V = |R|, then |§| = |R|. To prove that |F| = |2V,
we’ll build a bijection h : § — 2N as follows. For a function f € F, i.e., f: N — {0,1}, define h(F) to be
{n € N| f(n) = 1} i.e., the set of natural numbers that satisfy that f(n) = 1.

First let’s prove that h is onto. Suppose A € 2N, then A C N. Let f be defined as follows:

1 , ifneA,

f(n) =
0, ifndA

Then h(f) = {n € N| f(n) = 1} = A. Therefore h is onto.
Now let’s prove that h is one-to-one. Suppose h(f) = h(g). Let’s prove that f = g. Since f: N — {0,1}

and g : N — {0, 1}, then dom(f) = dom(g) = N, so to show f = g we need only show f(n) = g(n) for all
n € N. Note that there are two cases:



o If f(n) =
f(n) =g(n

1,
) =
. jcf(f)( n) = » ()) enn & h(f), but since h(f) = g(f), then n & h(g), therefore g(n) = 0. Therefore

In both cases f(n) = g(n), which allows us to conclude that f = g and hence h is one-to-one.

then n € h(f), but since h(f) = h(g), then n € h(g), therefore g(n) = 1. Therefore
1.

Problem 7. Let § be the set of all functions R — {0,1}. Show that |R| < |F].

Solution 7. Let h: § — 2% be defined by h(f) = {z € R| f(z) = 1}. Just like in the previous problem, this
function is a bijection. Therefore |§| = |2%|. By Cantor’s theorem we know |R| < |2%| = |F|. Which is what
we wanted to prove.



