










Homework 9 Solutions

Math 230

24.17: Let A = N. Let

f(n) =

{ n
2

if n is even,

n−1
2

if n is odd.

Then f : A→ A is onto because if m ∈ N, then f(2m) = m and f is not one-to-one because
f(3) = f(2) (both equal 1).

Let g : A → A be defined by g(n) = 2n. Then g is one-to-one because if g(m) = g(r),
then 2m = 2r so m = r. g is not onto because there is no integer n such that g(n) = 1.
Indeed if g(n) = 1, then 2n = 1, so n = 1/2, but 1/2 6∈ N.

f and g don’t contradict Exercise 24.16 because the set A = N is infinite and the exercise
is true for finite sets.

24.20: The answer is (
n

k

)
.

The reason is that if there are k elements of A that map to 1, then we must choose the k
elements of A which map to 1 and all other elements of A map to 0. There are

(
n
k

)
ways of

choosing which elements of A map to 1. The elements not chosen to map to 1, must map to
0. So each choice of k elements of A represents a unique function f : A → {0, 1} that has
exactly k elements a ∈ A satisfying f(a) = 1 (and hence n−k elements b such that f(b) = 0).

25.6: If two numbers match zeroes, then they satisfy that the zeroes of both numbers
are in the same positions among the 9 digits of the numbers. There are 512 configurations
of 0’s and not 0’s (indeed each digit is either a 0 or not a 0 and there are 9 digits, hence
29 = 512 configurations). Since we have 513 numbers, by the Pigeonhole principle at least
two of them have the same configuration of 0’s. Hence they match zeroes.

25.9: Break the square into 4 squares of side length 1/2 × 1/2 (i.e. draw the lines con-
necting the midpoints of opposing sides of the square). Since there are 5 points, at least two
of them must land in the same 1/2×1/2 square. The farthest apart two points can be inside
the square is if they are in opposing corners, hence√(

1

2

)2

+

(
1

2

)2

=

√
2

2

apart. This is what we wanted to prove.
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