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Egyptian Fractions

Any positive rational a/n can be written as the sum of positive unit

fractions
a 1 1 1
— = — 4 — 4 —
n my mo my

The above is an example of an Egyptian fraction decomposition of
length k.
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Erd6s—Straus conjecture

There exist positive integers my, mo, ms such that

@ Suffices to check it for n = p.
@ True for p = 3 mod 4 because

4_1+1+1
P~ et gty gty

@ It has been verified for n < 10'4.
@ The set of exceptions has density 0. (Vaughan 1970)
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Averaging

Since we can'’t prove it, let’s average!

Theorem (Elshotz—Tao (2013))
Let

4 1 1 1
= 3.+ _ . 0 v
f(n)_#{(m17m2,m3)€N - m1+m2+m3}’

then

xlog? x < Z f(p) < x log? x log log x.
p<x
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Functions we want to estimate

a 1 1 1
Ak(n)_#{aEN.’7_m1+mg+'”+mk}'

a 1 1 1
w(n) #{aeN ged(a, n) T m + o 4+ 4 mk}

_ s, a_1 1 1
fa(n)_#{(m17m27m3)€N : n_m1 +m2+m3}'

a 1 1 1
F(n) = AP L L
(n) #{(aa m17m27m3) eEN n m + ms + m3}
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Length 2

an=pfaen: 21 11

m mo my
A(n)=#JaeN:gd(an) =12 = LI
" - ¢ ~n m my my '

Theorem (Croot, Dobbs, Friedlander, Hetzel, Pappalardi (2000))
Forany e > 0,

As(n) < nf, Ax(n) < nF.
Furthermore
x log® X<<ZA2 <<Xlog X,
n<x
and

x log? X<<ZA2 ) < xlog? x.

n<x
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Length 3, averaging over primes

Theorem (Luca—Pappalardi (2019))

xlogd x < ZA3(p) < xlog® x.
p<x
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Theorem (Croot, Dobbs, Friedlander, Hetzel, Pappalardi (2000))

Foranye > 0,
Ag(n) < nzte.

Theorem (Banderier, Gdmez Ruiz, Luca, Pappalardi, Trevifio)

2log(48) log(log(6983776800)) ~ 1.066

Let h(n) = C/loglog n, where C = log(6983776800)

Then -
As(n) < 10nz+ 31 |og n.

Corollary

Forn > 101°%,

§
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fa(n)

a 1 1 1
f = 3 - = — —_— PR .
a(n) # {(m17m27 m3) eN n Py + o + ms}

Theorem (Elshotz—Tao (2013))

fi(p) < psTo).

Theorem (Banderier, Gémez Ruiz, Luca, Pappalardi, Trevifio)

For any p,
€ n%+2 il=
fa(n) < n +n'"f
Therefore,
n%+€
fa(n) € —
as
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Explicit f(n)

Theorem (Banderier, Gémez Ruiz, Luca, Pappalardi, Trevifo)
For any p, Let1/3 < p, and n > 11000. Then

nl/2+p/2

fa(n) < 60NN (&f 107" 4 g n'=* log n6”(”)) ()

v

Corollary

Ifn> 101" then

1/24p/2
fa(n) < L 10(” p +n1f’>.

100
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Theorem (Banderier, Gédmez Ruiz, Luca, Pappalardi, Trevifio)
Lete > 0, then

F(n) < nste.

This implies that for large enough n, F(n) < n. This suggests the
question, what is the largest n such that F(n) > n.

The first values for which F(n) < nare:

F(8821) = 8590, F(11161) = 10270, F(11941) = 10120.
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Explicit F(n)

Theorem (Banderier, Gdmez Ruiz, Luca, Pappalardi, Trevifio)

Forn> 1010%,
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Parametrization Lemma

Lemma (Luca, Pappalardi)

Consider an Egyptian fraction decomposition of the irreducible fraction
a/n:

a 1 1

1 .
P + . + . with ged(a, n) = 1 (2)

Then there exist integers Dy, Do, D3, v1, Vo, V3 With

(i) lem(Dq, Do, D3) | n and ged(Dq, Do, D3) = 1;

(i) avivavs | Dyvq + Davo + Davs and ged(v;, Djv;) = 1 when i # j,
and the denominators of the Egyptian fractions are given by

o n(Dyvy + Dovo + D3vs)

Conversely, if conditions (i)—(ii) are fulfilled, then the m;’s defined via (3)
are integers, and denominators of k unit fractions summing to a/n.

v
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Thank you!

Enrique Treviio (Lake Forest College) n Egyptian fractions of length 3 Number Theory Down Under 7 14/14



