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Primitive Roots

Let p be a prime number. Then g is a primitive root modulo p if

< g >= {1,2,3, . . . ,p − 1},

or
gk = 1 if and only if (p − 1)|k ,

or

φ(p − 1)

p − 1

1 +
∑

d |p−1
d>1

µ(d)

φ(d)

∑
χ mod p

χ has order d

χ(n)

 = 1.
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Least primitive root

How big can the least primitive root be?

p Least primitive root
2 1
3 2
5 2
7 3

11 2
13 2
17 3
19 2
23 5
29 2
31 3
37 2
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Primitive Root Champions

p Least primitive root
3 2
7 3

23 5
41 6
71 7

191 19
409 21
2161 23
5881 31

36721 37
55441 38
71761 44

110881 69
760321 73
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Prime Primitive Roots Champions

p Least primitive root Least prime primitive root
7 3 3
23 5 5
41 6 7

109 6 11
191 19 19
271 6 43

2791 6 53
11971 10 79
31771 10 107

The least primitive root champions happen at the following p:
7,23,41,109,191,271,2791,11971,31771.
The least prime primitive roots happen at the following p:
3, 7, 23, 41, 71, 191, 409, 2161, 5881, 36721, 55441, 71761,
110881, 760321.
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Theorems on the least primitive roots modp

Let g(p) be the least primitive root modp.

Unconditionally, Burgess (1960s) showed

g(p)�ε p
1
4+ε.

Under GRH, Ankeny (1952) showed

g(p)�
(

2ω(p−1) log p
(

log (2ω(p−1) log p)
))2

.

Under GRH, Wang (1959) showed

g(p)� (ω(p − 1))6 log2 p.

Under GRH, Shoup (1992) showed

g(p)� (ω(p − 1))4(log (ω(p − 1) + 1))4 log2 p.
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Grosswald’s Conjecture

Conjecture (Grosswald)
For all primes p > 409,

g(p) <
√

p − 2.

Theorem (Grosswald, 1982)

For p ≥ 1 + ee24 ≈ 101010
,

g(p) ≤ p0.499.

Theorem (Cohen, Oliveira e Silva, Trudgian, 2015)

For 409 < p < 2.5× 1015 or p > 3.67× 1071,

g(p) <
√

p − 2.
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Grosswald under GRH and an explicit upper bound

Theorem (McGown, Trudgian, T.)

Assuming the Generalized Riemann Hypothesis for Dirichlet L
functions for all p ≥ 1014,

g(p) <
√

p − 2.

Furthermore if ĝ(p) is the least prime primitive root, then

ĝ(p) <
√

p − 2.

Theorem (McGown, Trudgian, T.)

Assuming GRH. For p ≥ 109,

ĝ(p) ≤
(

8
5

2ω(p−1) log p
)2

.
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Sketch of Proof

Let f (n) be the characteristic function for a primitive root, i.e.,

f (n) =

 1 if n is a primitive root,

0 otherwise.

Then

f (n) =
φ(p − 1)

p − 1

1 +
∑

d |p−1
d>1

µ(d)

φ(d)

∑
χ mod p

χ has order d

χ(n)

 .
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Proof continued

f (n) =
φ(p − 1)

p − 1

1 +
∑

d |p−1
d>1

µ(d)

φ(d)

∑
χ mod p

χ has order d

χ(n)

 .

Suppose that for all n ≤ x , n is not a primitive root. Then

p − 1
φ(p − 1)

f (n)Λ(n)
(

1− n
x

)
= 0 for all n.

Then summing over all n ≤ x and changing order of summation
we get∑
n≤x

Λ(n)
(

1− n
x

)
+
∑

d |p−1
d>1

µ(d)

φ(d)

∑
χ mod p

χ has order d

∑
n≤x

χ(n)Λ(n)
(

1− n
x

)
= 0.
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∑
n≤x

Λ(n)
(

1− n
x

)
+
∑

d |p−1
d>1

µ(d)

φ(d)

∑
χ mod p

χ has order d

∑
n≤x

χ(n)Λ(n)
(

1− n
x

)
= 0.

We have ∑
n≤x

Λ(n)
(

1− n
x

)
≈
∑
n≤x

(
1− n

x

)
≈ x

2
,

and using GRH∣∣∣∣∣∣
∑
n≤x

χ(n)Λ(n)
(

1− n
x

)∣∣∣∣∣∣ = O
(√

x log p
)
.

Therefore x
2

= O
(

(2ω(p−1) − 1)
√

x log p
)
.

It follows that

ĝ(p) = O
((

(2ω(p−1) − 1) log p
)2
)
.
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Sieve

From this inequality (when made explicit), one can show
that for p ≥ 1043, then ĝ(p) <

√
p − 2. An extra idea is

needed to cover 2.5× 1015 < p < 1043.
Let e be an even divisor of p − 1. Let p1,p2, . . . ,ps be the
primes dividing p − 1 that do not divide e. Set

δ = 1−
s∑

i=1

1
pi
.

Theorem (McGown, Trudgian, T.)

Assume GRH. Then for p ≥ 109, we have

ĝ(p) ≤
(

1
5

+
14
9

(
2 +

s − 1
δ

)
2n−s log p

)2

.
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Theorem

Theorem (McGown, Trudgian, T.)

Assuming the Generalized Riemann Hypothesis for Dirichlet L
functions. For all p > 409,

g(p) <
√

p − 2.

Furthermore if p > 2791, then

ĝ(p) <
√

p − 2.
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Thank you!

Happy 70th Birthday Carl!
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