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Introduction

The first 10 prime numbers are:
2, 3, 5, 7, 11, 13, 17, 19, 23, 29.
The gaps between them are:
1, 2, 2, 4, 2, 4, 2, 4, 6.
A few questions about gaps:

Can we have arbitrarily large gaps between two
consecutive primes?
What is the average gap?
If we consider all primes less than a bound (let’s call it x)
what is the biggest gap?
Does 2 appear infinitely often as a gap between two
primes?
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Prime Gaps

Can we have arbitrarily large gaps between two
consecutive primes?
Yes,
n! + 2,n! + 3, . . .n! + n are all composites for any n ≥ 2, so
there is at least a gap of n! + (n + 1)− (n! + 1) = n
between two consecutive primes.
If we consider all primes less than x , what is the
average gap?
The prime number theorem implies that the k -th prime is
approximately k log k , from that it easy to show that the
average gap is log x .
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Large Gaps

If we consider all primes less than a bound (let’s call it x)
what is the biggest gap?
Consider the proof using n! + 2,n! + 3, . . .. This shows a gap of
n, but between numbers of size n!. This proof would only yield
a gap of the order log x/ log log x . This doesn’t even match the
average gap!
Erdős proved that you can beat the average gap by proving the
largest gap is at least

C log x
log log x

(log log log x)2 ,

for some constant C. In 1963 Rankin improved this to

c0 log x
log log x log log log log x

(log log log x)2 .
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Twin Prime Conjecture

Does 2 appear infinitely often as a gap between two
primes?
The twin prime conjecture conjectures that the answer to this is
yes. In fact using a probabilistic heuristic we can even predict
how many twin prime pairs we should have up to x . The
conjecture is that there are about C2x/(log x)2 for a special
constant C2 called the twin prime constant.
We can’t prove the twin prime conjecture, but can we say
anything about “short gaps” between primes?
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Twin Prime Conjecture

Our main question here is whether 2 appears infinitely often or
not as a gap between primes. Note that this is equivalent to:

Conjecture (Twin Prime Conjecture)
Let dn = pn+1 − pn where pn is the n-th prime number. Then

lim inf
n→∞

dn = 2.

Note that by the prime number theorem:

lim inf
n→∞

dn

log pn
≤ 1.
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Results on short gaps

lim inf
n→∞

dn

log pn
≤ 1.

lim inf
n→∞

dn

log pn
≤ 1− c, for some c > 0 (Erdős, 1940).

lim inf
n→∞

dn

log pn
≤ 1

2
(Bombieri-Vinogradov, 1966).

lim inf
n→∞

dn

log pn
≤ 1

2
e−γ = 0.2807 . . . (Maier 1988).

lim inf
n→∞

dn

log pn
≤ 1/4 (Maier).

lim inf
n→∞

dn

log pn
= 0.(Goldston − Pintz − Yildirim,2005)
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Goldston-Pintz-Yildirim

Theorem (GPY)
Let ε > 0,

lim inf
n→∞

dn

(log pn)1/2+ε = 0.

Furthermore, if the Elliott-Halberstam conjecture is true

lim inf
n→∞

dn ≤ 16.
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Bombieri-Vinogradov

Let
θ(x ;q,m) =

∑
p≤x

p≡m mod q

log p.

Theorem (Bombieri-Vinogradov)

Let A > 0 be fixed. There exist constants B = B(A) and
c = c(A) such that∑

q≤Q

max
m mod q

∣∣∣∣θ(x ;q,m)− x
φ(q)

∣∣∣∣ ≤ c
x

(log x)A ,

for Q =

√
x

log xA .
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Elliott-Halberstam

Let
θ(x ;q,m) =

∑
p≤x

p≡m mod q

log p.

Conjecture (Elliott-Halberstam)

For any fixed A > 0 and 0 < η < 1/2, There exists a constant c
such that ∑

q≤Q

max
m mod q

∣∣∣∣θ(x ;q,m)− x
φ(q)

∣∣∣∣ ≤ c
x

(log x)A ,

for Q = x1/2+η.
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GPY Main Theorem

The set {a1,a2, . . .ak} of integers a1 < a2 < . . .ak is said to be
admissible if there is no prime p such that p divides
P(n) = (n + a1)(n + a2) · · · (n + ak ) for all integers n.

Theorem
Let k ≥ 2, l ≥ 1 be integers and 0 < η < 1/2 such that

1 + 2η >
(

1 +
1

2l + 1

)(
1 +

2l + 1
k

)
.

If the Elliott Halberstam conjecture is true for Q = x1/2+η, then
if {a1,a2, . . . ,ak} is admissible, then there are infinitely many
integers n such that at least two of n + a1,n + a2, . . . ,n + ak are
prime.
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Zhang’s Theorem

Theorem (Zhang, May 14 2013)

Let A > 0. There exist constants eta, δ, c > 0 such that for any
given integer a, we have,∑

q≤Q
(q,m)=1

q is y−smooth
q squarefree

∣∣∣∣θ(x ;q,m)− x
φ(q)

∣∣∣∣ ≤ c
x

(log x)A ,

where Q = x1/2+η and y = xδ.

Zhang managed to prove this with η/2 = δ = 1/1168.
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Zhang’s Theorem

Consequences:

Theorem (Zhang)

Let k ≥ 3500000. If {a1,a2, . . . ,ak} is an admissible set, then
there are infinitely many n for which at least two of
n + a1,n + a2, . . . ,n + ak are prime.

Corollary (Zhang)

lim inf
n→∞

dn ≤ 70000000.
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Polymath8 Progress
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Polymath8 Results

Polymath8 was able to get the following results:
η ≤ 7/300 (improving Zhang’s result of η ≤ 1/584)
k = 632 (improving from 3500000)
lim inf
n→∞

dn ≤ 4680 (improving from 70 000 000).
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Maynard and Polymath8b

In November of 2013, Maynard, a postdoc at U. Montreal came
out with a different proof of the bounded small gaps. A proof
that does not require an improvement on Bombieri-Vinogradov:

Theorem (Maynard)

lim inf
n→∞

dn ≤ 600.

Furthermore if EH is true for any η < 1/2, then

lim inf
n→∞

dn ≤ 12.
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Polymath8b

Polymath8 joined Maynard and they are improving his result.
The latest results (updated March 1, 2014) are:

Theorem (Polymath8b)

lim inf
n→∞

dn ≤ 252.

Furthermore if EH is true for any η < 1/2, then

lim inf
n→∞

dn ≤ 6.

The 252 might go down a bit more but the 6 is staying put. The
famous sieve parity barrier is preventing any improvement
there.
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