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1 Chapter 5

Problem 1. (Exercise 1)
Suppose that G is a finite group with an element g of order 5 and an element h of order 7. Why must
|G| > 357

Solution 1. Let |G| = n. Since (g) is a subset of G, then |g| | n. Therefore 5| n. Similarly |h| | n, so 7 | n.
Since 5 | n and 7 | n, then 35 | n. Since n is a positive integer, then n > 35.

Problem 2. (Exercise 3)
Prove or disprove: Every subgroup of the integers has finite index.

Solution 2. To turn in.

Problem 3. (Exercise 5)
List the left cosets of the subgroups in each of the following.

(a) (8) in Zoy
(b) (3) in U(8)
(¢c) 3ZinZ
(d) Ay in Sy
(e) 4, in S,
(f) Dy in Sy
Solution 3.
(a) The cosets are: {0,8,16},{1,9,17},{2,10,18},{3,11,19}, {4, 12,20}, {5, 13,21}, {6, 14,22}, {7, 15, 23}.
(b) To turn in.

(c) One coset is H = 3Z. Since 1 ¢ 3Z, then 1H is a different coset. 1H = {3n + 1|n € Z}, (i.e.,
1H = {1,4,7,10,13,...} U {—-2,-5,-8,...}). Since 2 ¢ (H U 1H), then 2H is a different coset.
2H = 3n+2 | n € Z}, ie, 2H = {2,5,8,11,...} U {-1,—4,-7,...}. Since these three cosets
partition Z, there are no more cosets.

(d) To turn in.

(e) If n > 2, then A,, is half the size of S,, so [S, : A4,] = 2. Therefore there are only two cosets. One
coset is A,, and the other coset is what is left, i.e., the other coset is S, \ A, ={c € S, |0 & 4,,} =
{0 € S, | 0 is an odd permutation }. So one coset is the even permutations and the other is the odd
permutations.

If n =1, then A; = S7, so the only coset is A;.

(f) To turn in.



Problem 4. (Exercise 8)
Use Fermat’s Little Theorem to show that if p = 4n 43 is prime, there is no solution to the equation 22 = —1
(mod p).

Solution 4. Let G = Z, i.e., G is the multiplicative group modulo p. Suppose 2?2 = —1 (mod p). Then
x # 0 (mod p), therefore z € G.

Since 22 = —1 (mod p), then z* =1 (mod p). If z = 1 (mod p), then 2> = 1 (mod p). Then 1 = —1
(mod p), so 2 =0 (mod p), so p = 2. But since p = 4n + 3, p # 2. Therefore x Z 1 (mod p). Since z # 1
(mod p) and 2% # 1 (mod p) and #* = 1 (mod p), then the order of z in G is 4. By Langrange’s theorem
4 | |G|. But the order of G is p —1 = 4n + 2. 4n + 2 is not a multiple of 4, therefore we’'ve reached a
contradiction. Therefore no z € G satisfies 2 = —1 (mod p).

Solution using Fermat’s little theorem: Above I included a solution using group theory. Now, let’s just
use Fermat’s little theorem.

Suppose that 22 = —1 (mod p). Then x #Z 0 (mod p), therefore by Fermat’s little theorem 2P~ = 1
(mod p). Therefore

2P =12 = (22)? T = (1) = —1 (mod p).

Therefore 1 = —1 (mod p), so 2 =0 (mod p), so p | 2, so p = 2. Since p # 2, then there is no solution to

the equation 22 = —1 (mod p).

Problem 5. (Exercise 11)
Let H be a subgroup of a group G and suppose that g1,g2 € G. Prove that the following conditions are
equivalent.

a) g1H = goH
b Hgl_legQ_1

(
(
(c
(d

)

)

) ¢iH C g2 H
) 92 € 1 H

)

(e) g1'gae H

Solution 5. I will include the proof that (b) implies (d). To turn in you have to prove (a) implies (c).

Suppose Hgf1 = Hg;l. We want to show gy € g1 H. Since e € H and gfl = egfl, then gfl € Hgfl.
Since Hgy ' = Hgy ', then g;* € Hgy '. Therefore there exists h € H such that g;* = hgy '. Therefore

91(97 ") g2 = g91(hgy V) g2
g2 = q1h.

Therefore g € g1 H. This proves that Hg; = H hy Limplies go € g1 H. Now let’s prove the reverse direction.

Suppose g2 € g1 H. Then there exists an h € H such that go = g1h. Therefore gfng = h, so gfl = hg;l.

We want to prove that Hgf1 = Hg;l. Let x € Hgfl. Then there exists ' € H such that z = h’gfl. So
x=h(hgy') = (h'h)gy '. Since h'h € H because H is a subgroup of G, then h'hgy* € Hgy ', so x € Hgy "
Therefore Hgl_1 C Hg2_1.

Now, suppose that = € Hg, *. Therefore there exists h” € H such that z = h”gy'. Since go = g1h, then
g5 = h7lg;!. Therefore z = h’h~'g;'. Since h"h~' € H, then € Hg;'. Therefore Hg,' C Hgy".
Therefore Hg;' = Hgy '

This proves that (b) and (d) are equivalent.

Problem 6. (Exercise 17)
Suppose that [G : H] = 2. If @ and b are not in H, show that ab € H.

Solution 6. To turn in.



Problem 7. (Exercise 18)
If [G : H] = 2, prove that gH = Hyg.

Solution 7. To turn in.

Problem 8. (Exercise 22)
Let n = p{'p5? - - - pi¥, where p1,pa, ..., py are distinct primes. Prove that

wen(o-3)(-2)(-2)

Solution 8. Let’s prove that ¢(mn) = ¢(m)ep(n) if ged (m,n) = 1. Let a < m be relatively prime to
m. Now consider {a,a + m,a + 2m,...,a + (n — 1)m}. All of these numbers are relatively prime to m
because a is relatively prime to m and m|km. If we look modulo n, then since m and n are relatively prime
{a,a+m,a+2m,...;a+(n—1)m} ={0,1,2,...,n—1} (mod n) (in a different order). Therefore there are
¢(n) numbers relatively prime to n in {a,a+m,a+2m,...,a+ (n—1)m}. Since there are ¢(m) possibilities
for a and for each a there are ¢(n) numbers < mn relatively prime to m and n, then there are ¢(m)p(n)
numbers relatively prime to mn, so ¢p(mn) = ¢(m)d(n).

Now let’s calculate ¢(p*). Among the numbers 1,2,3,...,p* the only numbers relatively prime to p*

1
are p, 2p, 3p, . .., p*~1p. Therefore ¢(p*) = p*F — pF~—1 = p* <1 — ) . Since ¢ satisfies that ¢(ab) = ¢(a)p(b)
p

whenever ged (a,b) = 1, then if n = p{'ps? - - - p*, we have:
o(n) = o(p7")e(ps’) - - ¢(py")
1 1 1
Ao 2 )
m ( p )P pz) Pk
n<11) <11)...<11>,
D1 D2 Dk

Alternative Solution: Let n = p{'p3®---p;*. Consider the following sets:
o Ay, ={m<n:pm},
o Ay, ={m <n: pam},
o -,
o A, ={m<n: pglm}.
If ged(m,n) # 1, then m is divisible by p; for some i, so m € A,,. Therefore
d(n)=n—|A4, UAp, U---UA,,|

Now

n
A, NA, N---A, |=—"—.
| Piy Pigy Diy Di\Diy - - D,
Therefore by inclusion-exclusion:
‘15(”) =n- |Ap1| e |Apk|+ ‘Am mApz|+~-'+(*1)T|Aml mquzg m"'quzT +-~-+(*1)k|AP1 m"'Apk|
n n n n r n n
=n-———— i m—+—+ .4+t 4+ —
P11 P2 Pr  P1p2 PiPis - " Di,. pip2 - Pk
1 1 1 1 1 1
:n<1 ————— N +...+(—1)T+...+(—1)’“>
pP1 P2 Pk P1P2 PiPiy - Pi, pip2 - Pk



Problem 9. (Exercise 23)
Show that

for all positive integers n.

Solution 9. Let m € {1,2,3,...,n}. Let ged (m,n) = d. Then m = dm’ and n = dn’ where ged (m/,n’) =1
and m’ < n'. Note that n’ = n/d and that d|n. Now consider all numbers m such that ged (m,n) = d. The
numbers satisfy that m/d is relatively prime with n/d and less than or equal to n/d. Also, as long as those
requirements are satisfied, then (m,n) = d. Therefore there are

*(3)

numbers m satisfying that ged (m,n) = d whenever d|n. Since every number m € {1,2,3...,n} has a ged
with n that divides n, then if for each d|n we count all numbers that have ged d with n, we get n. This is
because we are partitioning the set {1,2,...,n} into the ged that each number has with n. Therefore

> o(5)=n

d|n

But if d|n, then %|n as well, so
n
-] = d).
> (5) %cb( )

The conclusion follows.
Alternative phrasing of the solution:
Consider the relation ~ on the set {1,2,3,...,n}, where a ~ bif ged (a,n) = ged (b, n). It is not hard to show

that ~ is an equivalence relation. Therefore ~ partitions the set {1,2,3,...,n}. Let Cy be the equivalence
class of the number d. Then Cy = {m < n: ged (m,n) = d}. Cq = () whenever d }n, therefore Cy partitions
{1,2,3,...,n} whenever d ranges over the divisors of n. Therefore
n=>_|Cdl
d|n

As proven above

e ().

The proof concludes the same way as the original proof.
One more solution:
Let

g(n) =" 6(d).

d|n

Our goal is to show that g(n) = n. We will prove that g is multiplicative, i.e., that if ged (a,b) = 1, then
g(ab) = g(a)g(b). Let dlab. We're going to need to prove that there exist unique dj|a and da|b such that
d = dydsy. Let dy = ged (a,d) and dy = ged (b, d). Then dy and ds are unique. Now let’s show that dydy = d.
Since d; = ged (a,d), then 1 = ged (i, %). Now d%'% and % is relatively prime so by Exercise 27 in
Chapter 2 (done in HW 1), then %|b. Since a and b are relatively prime, then ged (%, b) = ged (d,b) = ds.
But since %|b, then ged (%, b) = %. Therefore % = dsy. Therefore d = dqd>.

Okay, so we have proven that if d|ab and ged (a,b) = 1, then there exist unique di|a and da|b. Therefore

glab) =Y d(d) =D d(dida) = > > $(drdy).

d\ab dl\a dl\a d2|b
(i2|b



Now, since ged (a,b) = 1 and di]a and da|b, then ged (dy,d2) = 1. Since ¢(ab) = ¢(a)p(b) whenever
ged (a,b) = 1, then ¢(dids) = ¢(d1)p(ds). Therefore

glab) => > " ¢(drds) =Y > " ¢(dr)(da) = (Z ¢<d1>) (Z¢(d2)) = g(a)g(b).
dila da|b dila da|b dila da|b

Now,

g(") = é(d) = ¢(1) + ¢(p) + 6(P*) + ... + 6 (p")

dlp*
1 9 1 & 1
=1l4p(l—=]+p"(1—==]+...+p"|1—--
p p p

=1+p<1—;) (L+p+p*+...+p")

k _
R e B R

Since g(p*) = p* and g(ab) = g(a)g(b) whenever gcd (a,b) = 1, then g(n) = n. The proof is complete.



