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Abstract. Burgess proved that for χq a primitive Dirichlet character modulo q with q

cubefree,
∣∣∣∑M<n≤M+N χq(n)

∣∣∣≪ N1− 1
r q

r+1

4r2
+ϵ for all integers r ≥ 1. More recently, explicit

versions with prime moduli q were computed by Booker, McGown, Treviño, and Francis,
with applications to finding the least k-th power residue, and bounding the size of Dirichlet
L-functions just to name a few. Jain-Sharma, Khale, and Liu proved an explicit estimate
for r = 2. We improve their explicit constant for r = 2 and compute an explicit Burgess
bound for cubefree q for r ≥ 3.

1. Introduction

Let q be a positive integer. Given a primitive Dirichlet character χ (mod q) and integersM
and N ≥ 1, we consider the character sum

Sχ (M,N) =
∑

M<n≤M+N

χ(n).

Burgess, in a series of papers [2, 3, 4, 5, 6], proved

|Sχ(M,N)| ≪ N1− 1
r q

r+1

4r2
+ε,

for r = 2, 3 and for any r ≥ 4 when q is cubefree. In recent years, there has been progress in
obtaining explicit estimates for Sχ(M,N). In the case when q is prime, Booker [1] proved
a result for χ quadratic, and McGown [13] and Treviño [16] made improvements for general
χ. The current best result for q prime and 2 ≤ r ≤ 10 is due to Francis [9]. An example of
an explicit Burgess inequality for q = p prime is the following uniform bound (from [16])

|Sχ(M,N)| ≤ 2.74N1− 1
r p

r+1

4r2 (log p)
1
r ,

for all integers r ≥ 2 and for all primes p ≥ 107.
These explicit results have been used to determine the class number of a quadratic field of

large discriminant [1], to bound the least quadratic non-residue modulo a prime [9, 16], to
classify Norm-Euclidean cyclic fields [13], to bound the least primitive root modulo a prime
[7], to give an explicit bound for L(1, χ) in the case of quadratic characters [12], to compute
the rank of an elliptic curve with large rank [8], among other applications.

In the case of composite moduli q, the only explicit result is the following due to Jain-
Sharma, Khale, and Liu [11].

Theorem A. Let χ be a primitive character mod q with q ≥ ee
9.594

. Then, for N ≤ q
5
8 ,

|Sχ(M,N)| ≤ 9.07
√
Nq

3
16 log

1
4 (q)

(
2ω(q)τ(q)

) 3
4

(
q

ϕ(q)

) 1
2

,
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where τ(q) is the number of divisors of q and ω(q) is the number of distinct prime factors
of q.

In other words, the only explicit result for composite moduli q is for the case r = 2. We
improve this result for r = 2 and q large enough, and we also generalize the result to all
r ≥ 3 when q is cubefree.
To state our theorem, we use the following standard labels of arithmetic functions: let

ω(q) denote the number of distinct prime factors of q, let ϕ(q) be Euler’s totient function,
and let τk(q) denote the number of ways to write q as an ordered product of k integers, so
that τ(n) = τ2(n) is the ordinary number-of-divisors function. Also define

(1) mr(q) = min

{
τ2r(q),

(
τ(q)

2

)2r−1

,
q

2r

}
.

Theorem 1.1. Let r ≥ 2 be an integer and χ be a primitive Dirichlet character modulo q.
Let C(r) be defined as in Table 1. Let a(r) = 2 log 2 (3.0758r + 1.38402 log(4r)− 1.5379).

Then, for q ≥ max{101145, eea(r)}, if r = 2 or q is cubefree, we have

|Sχ(M,N)| ≤ C(r)N1− 1
r q

r+1

4r2 (log q)
1
2r

(
(4r)ω(q)mr(q)

) 1
2r

− 1
2r2

(
q

ϕ(q)

) 1
r

.

Furthermore, as q → ∞, we have a constant D(r) from Table 1 such that

|Sχ(M,N)| ≤ (D(r) + o(1))N1− 1
r q

r+1

4r2 (log q)
1
2r

(
(4r)ω(q)mr(q)

) 1
2r

− 1
2r2

(
q

ϕ(q)

) 1
r

.

r C(r) D(r)
2 15.219 8.362
3 5.359 4.581
4 3.671 3.396
5 2.953 2.811
6 2.549 2.462
7 2.290 2.229
8 2.108 2.063
9 1.973 1.938

≥10 1.869 1.841
Table 1. Constants in the Burgess inequality for values of r.

The theorem above requires q to be very large, so we have the following theorem which is
weaker asymptotically but works for smaller values of q.

Theorem 1.2. Let χ be a primitive Dirichlet character modulo q . Let C(r) be defined as
in Table 1. Then, for q ≥ max{101145, 24r−2}, if r = 2 or q is cubefree, we have

|Sχ(M,N)| ≤ C(r)N1− 1
r q

r+1

4r2 (log q)
1
2r

(
(4r)ω(q)mr(q)

) 1
2r

(
q

ϕ(q)

) 1
r

.

To prove Theorems 1.1 and 1.2 we need the following explicit Weil-type inequality, which
we consider of independent interest.
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Theorem 1.3 (Weil-type inequality). Let r ≥ 2 and q be positive integers such that r = 2
or q is cubefree. Let χ be a primitive Dirichlet modulo q. Let B ≥ 2 be a real number. Then

q∑
x=1

∣∣∣∣∣ ∑
1≤b≤B

χ(x+ b)

∣∣∣∣∣
2r

≤ 2r(4r)ω(q)B2rmr(q)
√
q +

r2r

r!
Brq.

The paper is organized as follows. We prove Theorem 1.3 in Section 2. In Section 3 we
describe the overall plan for the proofs of our main theorems following the approach for
the explicit Burgess inequality detailed in [10, Theorem 12.6]. We prove other technical
lemmas in Section 4, some important bounds in Section 5, and we prove our main theorems
in Section 6.

Notation. Most of the notation in the paper is standard, for example, ϕ(n) is Euler’s totient
function, for a finite set S, #S is the number of elements of S, ⌊x⌋ is the floor of x, for a pair
of integers a, b, (a, b) = gcd(a, b). We also use Landau’s O notation, i.e., f(x) = O(g(x))
if there exists a positive constant C such that |f(x)| ≤ C|g(x)| for large enough x. A
notation we use that is less well-known is O∗. We say that f(x) = O∗(g(x)) if for all x ≥ x0,
|f(x)| ≤ |g(x)|.

2. Explicit Weil-type inequality

This section can be read independently from the rest of the paper. Let r ≥ 2 be an integer,
B ≥ 2 be a real number, and

mr(q) = min

{
τ2r(q),

(
τ(q)

2

)2r−1

,
q

2r

}
.(2)

Furthermore, given integers b1, b2, . . . , b2r, we define

Aj =
∏

1≤i≤2r
i ̸=j

(bi − bj) .

Burgess [2, Lemma 7], [5, Lemma 8] proved the following analogue of Weil’s inequality
that holds for composite moduli:

Lemma 2.1 (Burgess). Let b1, b2, . . . , b2r be integers such that at least r + 1 of them are
distinct. Let f1(x) = (x− b1)(x− b2) · · · (x− br) and f2(x) = (x− br+1)(x− br+2) · · · (x− b2r).
Let χ be a primitive Dirichlet mod q. If r = 2 or q is cubefree, then there exists 1 ≤ j ≤ 2r
with Aj ̸= 0 such that∣∣∣∣∣ ∑

x mod q

χ(f1(x) · f (ϕ(q)−1)
2 (x))

∣∣∣∣∣ ≤ (4r)ω(q)
√
q(Aj, q),

where (Aj, q) is the greatest common divisor of Aj and q. In particular,∣∣∣∣∣ ∑
x mod q

χ(f1(x) · f (ϕ(q)−1)
2 (x))

∣∣∣∣∣ ≤
2r∑
j=1
Aj ̸=0

(4r)ω(q)
√
q(Aj, q).
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Definition 2.2. Define

sq(r, B) =
∑

1≤b1≤B

∑
1≤b2≤B

· · ·
∑

1≤b2r≤B

min
{
(Aj, q) : 1 ≤ j ≤ 2r, Aj ̸= 0

}
.

First, observe that from the trivial bound

sq(r, B) ≤
∑

1≤b1≤B

∑
1≤b2≤B

· · ·
∑

1≤b2r≤B

∑
1≤j≤2r
Aj ̸=0

(Aj, q) ≤ B2rq.

Now, the following lemmas give complementary upper bounds for this expression.

Lemma 2.3. Let sq(r, B) be defined as in Definition 2.2. Then

sq(r, B) ≤ 2r
(τ(q)

2

)2r−1
B2r.

Proof. Using the bound

(Aj, q) =

( ∏
1≤i≤2r
i ̸=j

(bi − bj), q

)
≤

∏
1≤i≤2r
i ̸=j

(bi − bj, q),

and exchanging the order of summation, we have

sq(r, B) ≤
∑

1≤j≤2r

∑
1≤b1,b2,...,b2r≤B

Aj ̸=0

(Aj, q) ≤
∑

1≤j≤2r

∑
1≤b1,b2,...,b2r≤B

Aj ̸=0

∏
1≤i≤2r
i ̸=j

(bi − bj, q)

=
∑

1≤j≤2r

∑
1≤bj≤B

∑
1≤b1,...,bj−1,bj+1,...,b2r≤B
bj /∈{b1,...,bj−1,bj+1,...,b2r}

∏
1≤i≤2r
i ̸=j

(bi − bj, q)

=
∑

1≤j≤2r

∑
1≤bj≤B

( ∑
1≤b≤B
b ̸=bj

(b− bj, q)

)2r−1

= 2r
∑

1≤a≤B

( ∑
1≤b≤B
b ̸=a

(b− a, q)

)2r−1

.

(3)

Using the identity
∑

d|n ϕ(d) = n, we write the inner sum as∑
1≤b≤B
b ̸=a

(b− a, q) =
∑

1≤b≤B
b ̸=a

∑
d|(b−a,q)

ϕ(d) =
∑
d|q

d≤B−1

ϕ(d)
∑

1≤b≤B
b̸=a
d|b−a

1 ≤
∑
d|q
d≤B

ϕ(d)
⌊B⌋
d

= ⌊B⌋
∑
d|q
d≤B

ϕ(d)

d
,

where since the divisors of q pair up on either side of
√
q and B <

√
q,

(4) ⌊B⌋
∑
d|q
d≤B

ϕ(d)

d
≤ ⌊B⌋

∑
d|q
d≤B

1 ≤ ⌊B⌋
2

τ(q).
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Putting inequalities (3) and (4) together,

sq(r, B) ≤ 2r
∑

1≤a≤B

( ∑
1≤b≤B
b̸=a

(b− a, q)

)2r−1

≤ 2r
∑

1≤a≤B

(
⌊B⌋
2

τ(q)

)2r−1

= 2r

(
τ(q)

2

)2r−1

⌊B⌋2r,

as stated in the lemma. □

We bound the sum sq(r, B) below without using the initial inequality on the gcd in
Lemma 2.3.

Lemma 2.4. Let sq(r, B) be defined as in Definition 2.2. Then

sq(r, B) ≤ 2rB2rτ2r(q).

Proof. Exchanging the sum as before and using the identity
∑

d|n ϕ(d) = n,

sq(r, B) ≤
∑

1≤j≤2r

∑
1≤b1,b2,...,b2r≤B

Aj ̸=0

(Aj, q) =
∑

1≤j≤2r

∑
1≤b1,b2,...,b2r≤B

Aj ̸=0

∑
d|(Aj ,q)

ϕ(d)

≤
∑

1≤j≤2r

∑
d|q

d≤B2r−1

ϕ(d)
∑

1≤b1,b2,...,b2r≤B
Aj ̸=0
d|Aj

1.

Let d1 · · · d2r be an ordered factorization of d with dj = 1, then d | Aj if di | (bi − bj) for
each 1 ≤ i ≤ 2r. Every inner summand arises in this way for at least one such ordered
factorization, therefore∑
1≤j≤2r

∑
d|q

d≤B2r−1

ϕ(d)
∑

1≤b1,b2,...,b2r≤B
Aj ̸=0
d|Aj

1 ≤
∑

1≤j≤2r

∑
d|q

d≤B2r−1

ϕ(d)
∑

1≤bj≤B

∑
d1···d2r=d

dj=1

∑
1≤b1≤B
b1 ̸=bj

d1|(b1−bj)

· · ·
∑

1≤b2r≤B
b2r ̸=bj

d2r|(b2r−bj)

1.

Note that there are 2r− 1 inner summands with bj fixed. Bounding each inner summand by
⌊B⌋
di

,

sq(r, B) ≤
∑

1≤j≤2r

∑
d|q

d≤B2r−1

ϕ(d)
∑

1≤bj≤B

∑
d1···d2r=d

dj=1

∑
1≤b1≤B
b1 ̸=bj

d1|(b1−bj)

· · ·
∑

1≤b2r≤B
b2r ̸=bj

d2r|(b2r−bj)

1

≤
∑

1≤j≤2r

∑
d|q

d≤B2r−1

ϕ(d)
∑

1≤bj≤B

∑
d1···d2r=d

dj=1

∏
1≤i≤2r
i ̸=j

⌊B⌋
di

(5)

= ⌊B⌋2r
∑

1≤j≤2r

∑
d|q

d≤B2r−1

ϕ(d)

d

∑
d1···d2r=d

dj=1

1 = 2r⌊B⌋2r
∑
d|q

d≤B2r−1

ϕ(d)

d
τ2r−1(d).
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Since ∑
d|q

ϕ(d)

d
τ2r−1(d) =

∏
pk∥q

(
1 +

p− 1

p

(
τ2r(p

k)− 1
))

≤ τ2r(q),

combining with inequality (5), we obtain

sq(r, B) ≤
∑

1≤j≤2r

∑
1≤b1,b2,...,b2r≤B

Aj ̸=0

(Aj, q) ≤ 2r⌊B⌋2rτ2r(q),

as stated above. □

Using the Lemmas above, we prove the explicit Weil-type inequality.

Proof of Theorem 1.3. As done in the proof of Theorem 1.1 in [17], letting f1(x) and f2(x)
be defined as in Lemma 2.1, we have

q∑
x=1

∣∣∣∣∣∑
b∈B

χ(x+ b)

∣∣∣∣∣
2r

=
∑

1≤b1,b2,...,b2r≤B

∑
x mod q

χ(f1(x)f
(ϕ(q)−1)
2 (x)).

Let (b1, b2, . . . , b2r) be a good tuple if at least r + 1 of them are distinct. Let B1 be the set
of good tuples and B2 be the rest. By Lemma 2.1,∑

(b1,...,b2r)∈B1

∑
x mod q

χ(f1(x)f
(ϕ(q)−1)
2 ) ≤ (4r)ω(q)

√
qsq(r, B).

Now using Lemmas 2.3 and 2.4, we obtain the upper bound∑
(b1,...,b2r)∈B1

∑
x mod q

χ(f1(x)f
(ϕ(q)−1)
2 ) ≤ 2r(4r)ω(q)mr(q)

√
q⌊B⌋2r,(6)

where mr(q) is given in (2).
For the other tuples B2, we use the trivial bound,∑

x mod q

χ(f1(x)f
(ϕ(q)−1)
2 (x)) ≤ q.

If (b1, b2, . . . , b2r) ∈ B2, then it has at most r distinct values. There are
(⌊B⌋

r

)
ways of choosing

the r values and each bi has r choices to make, therefore,∑
(b1,b2,...,b2r)∈B2

∑
x mod q

χ(f1(x)f
(ϕ(q)−1)
2 (x)) ≤ r2r

(
⌊B⌋
r

)
q ≤ r2r⌊B⌋r

r!
q.(7)

Combining the bounds in (6) and (7), we get the desired upper bound in the Weil-type
inequality. □

3. General setup

Let r ≥ 2, N be positive integers, and let q be a positive integer that is cubefree when
r ≥ 3 for the remainder of the paper. Given a primitive Dirichlet character χ (mod q) and
integers M and N ≥ 1, we consider the character sum

Sχ (M,N) =
∑

M<n≤M+N

χ(n).
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Given an integer r ≥ 2, we use induction to prove a bound of the form

(8) |Sχ(M,N)| ≤ Eq,r(N), where Eq,r(N) = CN1−1/rq
r+1

4r2 (log q)
1
2rT (q),

where C ≥ 1 is a constant to be determined later, mr(q) is defined in (1), and

(9) T (q) =


(
(4r)ω(q)mr(q)

)( 1
2r

− 1
2r2

)( q
ϕ(q)

)1/r
under the conditions of Theorem 1.1,(

(4r)ω(q)mr(q)
)( 1

2r )( q
ϕ(q)

)1/r
under the conditions of Theorem 1.2.

We take 1 ≤ N ≤ q
1
4
+ 1

4r as the base case. In this case, the inequality (8) follows from the
trivial bound |Sχ(M,N)| ≤ N , since

N ≤ CN1−1/rq
r+1

4r2 (log q)
1
2rT (q)

=⇒ N1/r ≤ Cq
r+1

4r2 (log q)
1
2rT (q)

=⇒ N ≤ q
r+1
4r

(
C(log q)

1
2rT (q)

)r
,

when N ≤ q
1
4
+ 1

4r (because C(log q)
1
2rT (q) ≥ 1).

Therefore, in the induction step, we assume

for N > q
1
4
+ 1

4r , the bound in (8) holds for all smaller positive integers.(10)

We use the following notation for the remainder of this paper.

Definition 3.1. For some real numbers A,B ≥ 2, let

• A = {1 ≤ a ≤ A : a ∈ Z, (a, q) = 1},
• B = {1 ≤ b ≤ B : b ∈ Z},
• vA(x) = #{a ∈ A, n ∈ (M,M + N ] : ān ≡ x (mod q)}, where ā denotes the multi-
plicative inverse of a modulo q.

We prove the following lemma using the notations in (8), (9), and Definition 3.1.

Lemma 3.2. For positive integers r ≥ 2 and q, where q is cubefree for r ≥ 3, we have,
under the inductive hypothesis in (10),

|Sχ (M,N)| ≤ 1

#A ·#B

(
q∑

x=1

vA(x)

)1− 1
r
(

q∑
x=1

v2A(x)

) 1
2r

 q∑
x=1

∣∣∣∣∣∑
b∈B

χ (x+ b)

∣∣∣∣∣
2r
 1

2r

+
2C

2− 1/r
A1−1/r (⌊B⌋+ 1)2−1/r

#B
q

r+1

4r2 (log q)
1
2rT (q),

for some constant C ≥ 1.

Proof. Under the inductive hypothesis in (10), we have, by equation (28) in [16],

|Sχ (M,N)| ≤ 1

#A ·#B

q∑
x=1

vA(x)

∣∣∣∣∣ ∑
1≤b≤B

χ(x+ b)

∣∣∣∣∣+ 1

#A ·#B
∑
a∈A

∑
b∈B

2Eq,r(ab),(11)

where Eq,r(ab) is defined as in (8).
7



Since Eq,r(N) is an increasing function of N ,

1

#A ·#B
∑
a∈A

∑
b∈B

2Eq,r(ab) ≤
1

#A ·#B
∑
a∈A

∑
b∈B

2Eq,r(Ab) =
2

#B
∑
b∈B

Eq,r(Ab),

and by definition,

2

#B
∑
b∈B

Eq,r(Ab) =
2

#B
∑
b∈B

C(Ab)1−1/rq
r+1

4r2 (log q)
1
2rT (q)

=
2C

#B
A1−1/rq

r+1

4r2 (log q)
1
2rT (q)

∑
b∈B

b1−1/r.

Since ∑
b∈B

b1−1/r ≤
∫ ⌊B⌋+1

1

t1−1/r dt =
(⌊B⌋+ 1)2−1/r − 1

2− 1/r
<

(⌊B⌋+ 1)2−1/r

2− 1/r
,

we conclude that

(12)
1

#A ·#B
∑
a∈A

∑
b∈B

2Eq,r(ab) <
2C

2− 1/r
A1−1/r (⌊B⌋+ 1)2−1/r

#B
q

r+1

4r2 (log q)
1
2rT (q).

Therefore, combining (11), (12), and applying Hölder’s inequality, we get

|Sχ (M,N)| ≤ 1

#A ·#B

(
q∑

x=1

vA(x)

)1− 1
r
(

q∑
x=1

v2A(x)

) 1
2r

 q∑
x=1

∣∣∣∣∣∑
b∈B

χ (x+ b)

∣∣∣∣∣
2r
 1

2r

+
2C

2− 1/r
A1−1/r (⌊B⌋+ 1)2−1/r

#B
q

r+1

4r2 (log q)
1
2rT (q),

as stated in the lemma. □

In the next section, we handle the two sums involving vA.

4. The vA sums

Recall from Definition 3.1 that for any real number A ≥ 2, A = {1 ≤ a ≤ A : a ∈
Z, (a, q) = 1} and vA(x) = #{a ∈ A, n ∈ (M,M + N ] : ān ≡ x (mod q)}, where ā denotes
the multiplicative inverse of a modulo q. We first prove the following lemma.

Lemma 4.1. Let A and vA(x) be defined as in Definition 3.1. Then∑
x (mod q)

vA(x) = #A ·N.

Proof. By definition,∑
x (mod q)

vA(x) =
∑

x (mod q)

#
{
a ∈ A, n ∈ (M,M +N ] : ān ≡ x (mod q)

}
.

Summing over all x satisfying x ≡ ān (mod q), each ordered pair (a, n) with a ∈ A and
n ∈ (M,M + N ] is counted exactly once. Therefore, we have the equality stated in the
lemma. □
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Lemma 4.2. Let A and vA(x) be defined as in Definition 3.1. Then∑
x (mod q)

vA(x)
2 ≤

∑
a1∈A

∑
a2∈A

(
1 +

N(a1, a2)

max{a1, a2}

)
.

Proof. This is the first displayed inequality under Equation (14) in [11]. □

Lemma 4.3. For all integers d and N ≥ 2,∑
d≤N

µ(d)

d2
=

6

π2
+O∗

(
1

N − 1

)
and

∑
d≤N

µ(d) log d

d2
=

36ζ ′(2)

π4
+O∗

(
log(N − 1) + 1

N − 1

)
.

Proof. These equalities follow from evaluations of the corresponding infinite series and the
usual bounding of the tail sum by the integral of a decreasing function. □

Lemma 4.4. For all integers n and N ≥ 2, we have∑
n≤N

ϕ(n)

n2
≤ 6

π2
logN + δ +

2 logN + 2

N − 1
,

where δ =
6

π2
− 36ζ ′(2)

π4
≈ 0.954422.

Proof. Since ϕ(n)/n =
∑

d|n µ(d)/d,∑
n≤N

ϕ(n)

n2
=
∑
n≤N

1

n

∑
d|n

µ(d)

d
=
∑
d≤N

µ(d)

d

∑
n≤N
d|n

1

n

=
∑
d≤N

µ(d)

d2

∑
m≤N/d

1

m

=
∑
d≤N

µ(d)

d2

(
log

N

d
+O∗(1)

)
= (logN +O∗(1))

∑
d≤N

µ(d)

d2
−
∑
d≤N

µ(d) log d

d2
.

By Lemma 4.3,∑
n≤N

ϕ(n)

n2
= (logN +O∗(1))

(
6

π2
+O∗

(
1

N − 1

))
−
(
36ζ ′(2)

π4
+O∗

(
log(N − 1) + 1

N − 1

))
≤ (logN + 1)

(
6

π2
+

1

N − 1

)
− 36ζ ′(2)

π4
+

logN + 1

N − 1

which is the desired inequality. □

The following proposition asymptotically improves the inequality used in [11] by a factor
of 6/π2.
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Proposition 4.5. Let A ≥ 2 be a real number, N ≥ 2 be an integer, and A, vA(x) be defined
as in Definition 3.1. Then∑

x (mod q)

vA(x)
2 ≤ #A2 + 2AN

(
6

π2
logA+ δ +

2 logA+ 2

A− 1

)
,

where δ is defined in Lemma 4.4.

Proof. Starting from Lemma 4.2,∑
x (mod q)

vA(x)
2 ≤

∑
a1∈A

∑
a2∈A

(
1 +

N(a1, a2)

max{a1, a2}

)
= (#A)2 +N

∑
a1∈A

∑
a2∈A

(a1, a2)

max{a1, a2}

≤ (#A)2 +N
∑

1≤a1≤A

∑
1≤a2≤A

(a1, a2)

max{a1, a2}
.

In the remaining sum we use our beloved trick g =
∑

d|g ϕ(d) to obtain∑
1≤a1≤A

∑
1≤a2≤A

(a1, a2)

max{a1, a2}
=
∑
a1∈A

∑
a2∈A

1

max{a1, a2}
∑

d|(a1,a2)

ϕ(d)

=
∑
d≤A

ϕ(d)
∑

1≤a1≤A
d|a1

∑
1≤a2≤A

d|a2

1

max{a1, a2}

=
∑
d≤A

ϕ(d)

d

∑
1≤b1≤A/d

∑
1≤b2≤A/d

1

max{b1, b2}

≤ 2
∑
d≤A

ϕ(d)

d

∑
1≤b1≤A/d

∑
1≤b2≤b1

1

b1

= 2
∑
d≤A

ϕ(d)

d

∑
1≤b1≤A/d

1 ≤ 2A
∑
d≤A

ϕ(d)

d2
.

Now the proposition follows from Lemma 4.4. □

5. Important bounds

As we can see in Lemma 3.2, we need to make some choices for A and B to get a Burgess
inequality. The following lemmas guarantee that the A and B we pick later satisfy certain
properties that are required in the proofs of Theorem 1.1 and Theorem 1.2.

Lemma 5.1. For r ≥ 2, let a(r) = 2 (3.0758r + 1.38402 log(4r)− 1.5379) log 2. If q ≥ ee
a(r)

,
then

B1(r, q) ≥ 22−2/rr2
(
1− 1

r

r!

) 1
r

,

where

(13) B1(r, q) = r2q
1
2r

(
r − 1

r!2r(4r)ω(q)mr(q)

)1/r

.

10



Proof. Since mr(q) ≤
(
τ(q)/2

)2r−1
by definition (1) we have

B1(r, q) ≥ r2q
1
2r

(
22r−1(r − 1)

2r(r!)(4r)ω(q)(τ(q))2r−1

)1/r

.

We have 2ω(q) ≤ 21.38402 log q/ log log q by [14] and τ(q) ≤ 21.5379 log q/ log log q [14, Theorem 1],
therefore

(4r)ω(q) ≤ q
1.38402 log 2 log (4r)

log log q ,

and

B1(r, q) ≥ 22−2/rr2
(
1− 1

r

r!

) 1
r

q
1
2r

− 1.38402(log 2) log (4r)
r log log q

− 1.5379(2r−1) log 2
r log log q .

When q ≥ ee
a(r)

, we have

1

2r
− 1.38402(log 2) log (4r)

r log log q
− 1.5379(2r − 1) log 2

r log log q
≥ 0,

so

B1(r, q) ≥ 22−2/rr2
(
1− 1

r

r!

) 1
r

as desired. □

Lemma 5.2. Let r ≥ 2. If q ≥ 24r−2, then

B2(r, q) ≥ 22−2/rr2
(
1− 1

r

r!

) 1
r

,

where

(14) B2(r, q) = r2q
1
2r

(
r − 1

r!2r

)1/r

.

Proof. Indeed, for q ≥ 24r−2,

r2q
1
2r

(
r − 1

r!2r

)1/r

≥ 22−2/rr2
(
1− 1

r

r!

) 1
r

.

□

Lemma 5.3. For integers r, q ≥ 2, we have

Bi(r, q) ≤ erq
1
2r ,

for i = 1, 2 with the Bi(r, q) defined as in (13) and (14).

Proof. Using r−1
2r(4r)ω(q)mr(q)

≤ 1 and r! ≥
(
r
e

)r
,1 we get

B1(r, q)

r2q
1
2r

=

(
r − 1

r!(2r)(4r)ω(q)mr(q)

) 1
r

≤ e

r
.

1Since en =
∑∞

k=0
nk

k! ≥
∑n

k=n
nk

k! = nn

n! , we have n! ≥ nn

en .
11



Using r! ≥
(
r
e

)r
, we get

B2(q, r)

q
1
2r r2

=

(
r − 1

r!(2r)

) 1
r

≤ e

r
.

□

To prove our main theorems, we also need some lower bounds on A. In particular, we
need A ≥ 31, and A ≥ 2ω(q)q/ϕ(q). The following lemmas cover this for two different choices
of A.

Lemma 5.4. Let N ≥ q
1
4
+ 1

4r and r ≥ 2 be positive integers. Suppose

Ai(r, q) =
κN

Bi(r, q)
,

for i = 1, 2 where B1(r, q) is defined as in (13), B2(r, q) as in (14), and let

(15) κ =

(
(Bi(r, q)− 1)Bi(r, q)

1−1/r

2r(Bi(r, q) + 1)2−1/r

)r/(r−1)

.

Let t1(r) = ee
a(r)

, where a(r) is defined as in Lemma 5.1 and t2(r) = 24r−2. Then, for
q ≥ max

{
101145, (10r)18, ti(r)

}
, we have

Ai(r, q) ≥ max

{
31,

2ω(q)q

ϕ(q)

}
.

Proof. Since the proof is the same for i ∈ {1, 2}, let B = Bi(r, q) and A = Ai(r, q) for brevity.
By Lemmas 5.1 and 5.2, we have B ≥ 4 for q ≥ ti(r). Therefore, for q ≥ ti(r),

κ ≥ 36

125

(
1

2r

)r/(r−1)

.

Then, by Lemma 5.3,

A =
κN

B
≥ κq

1
4
+ 1

4r

erq
1
2r

≥ 36

125e

q
1
4
− 1

4r

r(2r)r/(r−1)
.

The right-hand side exceeds 31 once

q ≥
(
31

(
125e

36

)
r(2r)r/(r−1)

)4r/(r−1)

,

and one can check that this right-hand side is at most max{1032, (25r)8} for all real r ≥ 2.
Moreover, we have 2ω(q) ≤ 21.38402 log q/ log log q by [14] and

q

ϕ(q)
< eγ log log q +

2.50637

log log q
< 2 log log q

by [15, Theorem 15]. Thus it suffices to show that

q
1
4
− 1

4r

r(2r)r/(r−1)
≥ 21.38402 log q/ log log q · 2 log log q · 125e

36
12



or equivalently

q ≥
(
r(2r)r/(r−1)

)( 1
4
− 1

4r
)−1 (

21.38402 log q/ log log q · 2 log log q·
)( 1

4
− 1

4r
)−1
(
125e

36

)( 1
4
− 1

4r
)−1

.

When 2 ≤ r ≤ 9 we check computationally that this inequality holds for q ≥ 101145. For
r ≥ 10, we use the checkable bound(

r(2r)r/(r−1)
)( 1

4
− 1

4r
)−1

≤ 741r8

together with the trivial (1
4
− 1

4r
)−1 ≤ 40

9
to see that it suffices for

q ≥ 741r8
(
21.38402 log q/ log log q · 2 log log q

)40/9(125e

36

)40/9

.

We can computationally show the inequality

21.38402 log q/ log log q · 2 log log q ≤ q1/8

for q ≥ 101008, and so it suffices to have

q ≥ 741r8
(
q1/8
)40/9(125e

36

)40/9

,

which holds when q ≥ (10r)18 ≥ (741r8)9/4
(
125e
36

)10
. □

Lemma 5.5. Let r, q ≥ 2 and N ≥ q
1
4
+ 1

4r be integers and let i ∈ {1, 2}. Let A = Ai(r, q),
B = Bi(r, q), κ be defined as in (15), and ti(r) be defined as in Lemma 5.4. Let

α =


(
κ
(

ϕ(q)
q

)
+ B2ω(q)−1

N

)2
B

+ 2κ

(
6

π2
log (A) + δ +

2 log (A) + 2

A− 1

) ,

where δ = 6
π2 − 36ζ′(2)

π4 ≈ 0.954422. Then, for q ≥ max{101145, (10r)18, ti(q)},

α ≤ 4

3
κ log q.

Proof. Since q ≥ max{101145, (10r)18, ti(q)}, we have A ≥ 2ω(q)q
ϕ(q)

by Lemma 5.4. Using

AB = κN , we obtain(
κϕ∗ + B2ω(q)−1

N

)2
B

=
A
(
κϕ∗ + κ2ω(q)−1

A

)2
κN

=
κA
(
ϕ∗ + 2ω(q)−1

A

)2
N

=
κ(Aϕ∗ + 2ω(q)−1)2

AN
≤

κ
(
3
2
Aϕ∗)2
AN

≤ 9κA

4N
≤ 9κ

4
.

We also have A ≥ 31, which implies

δ +
2 log (A) + 2

A− 1
≤ 3

8
logA.
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We may assume N ≤ q
2
3 because otherwise the Pólya–Vinogradov inequality produces a

better bound. Thus A ≤ q
2
3 , and for q ≥ 1058,

α ≤ 9κ

4
+ 2κ logA

(
6

π2
+

3

8

)
≤ 9κ

4
+

4

3
κ log q

(
3

8
+

6

π2

)
=

4

3
κ log q

(
27

16 log q
+

3

8
+

6

π2

)
<

4

3
κ log q. □

6. Proof of Main Theorems

In this section, we prove Theorems 1.1 and 1.2. Recall that we let r ≥ 2, q be positive
integers and i ∈ {1, 2}. We let i = 1 be the case for Theorem 1.1, and i = 2 for Theorem
1.2. Let

T1(q) =
(
(4r)ω(q)mr(q)

)( 1
2r

− 1
2r2

)
(

q

ϕ(q)

)1/r

,(16)

and

T2(q) =
(
(4r)ω(q)mr(q)

)( 1
2r )
(

q

ϕ(q)

)1/r

.(17)

Let ti(r) be defined as in Lemma 5.4. Our goal is to prove that for q ≥ max{101145, ti(r)},
there exists a constant C(r) depending on r (but not q) such that

|Sχ(M,N)| ≤ C(r)N1− 1
r q

r+1

4r2 (log q)
1
2rTi(q).

Lemma 6.1. For i ∈ {1, 2} and Ti be defined as in (16) and (17). Let s, α, u, and w be
defined as in (19), (22), (25), and (26), respectively. Then

|Sχ(M,N)| ≤
(

B

B − 1

)
N1−1/rq(r+1)/4r2(log q)

1
2r

(
u(αw)

1
2r + sTi(q)

)
.

Proof. Fix i ∈ {1, 2} and let q ≥ max{101145, ti(r)}. From Lemma 3.2, once we choose A
and B as described in Definition 3.1, replacing T (q) with Ti(q) and C(r) with C, we have

|Sχ (M,N)| ≤ 1

#A ·#B

(
q∑

x=1

vA(x)

)1− 1
r
(

q∑
x=1

v2A(x)

) 1
2r

 q∑
x=1

∣∣∣∣∣∑
b∈B

χ (x+ b)

∣∣∣∣∣
2r
 1

2r

+
2C

2− 1/r
A1−1/r (⌊B⌋+ 1)2−1/r

#B
q

r+1

4r2 (log q)
1
2rTi(q).

Let ϕ∗ = ϕ(q)/q, B = Bi(r, q),

κ =

(
(B − 1)B1− 1

r

2r(B + 1)2−
1
r

) r
r−1

,

and

A =
κN

B
.
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Using (12), Theorem 1.3, Lemma 4.1, and Proposition 4.5 yields 2

|Sχ(M,N)| ≤ 1

#A · ⌊B⌋
(#AN)1−

1
r

(
#A2 + 2AN

(
6

π2
log (A) + δ +

2 log (A) + 2

A− 1

)) 1
2r

×

×
(
2r(4r)ω(q)B2rmr(q)

√
q +

r2r

r!
Brq

) 1
2r

+
2C

2− 1
r

A1− 1
r
(B + 1)2−

1
r

B
q

r+1

4r2 (log q)
1
2rTi(q)

≤ N1− 1
r

#A 1
r · (B − 1)

((
κN

B
ϕ∗ + 2ω(q)−1

)2

+
2κN2

B

(
6

π2
log (A) + δ +

2 logA+ 2

A− 1

)) 1
2r

×

×
(
2r(4r)ω(q)B2rmr(q)

√
q +

r2r

r!
Brq

) 1
2r

+
2C

2− 1
r

(κN)1−
1
r

(
B + 1

B

)2− 1
r

q
r+1

4r2 (log q)
1
2rTi(q).

(18)

Let

(19) s =
2Cκ1−1/r

2− 1/r

(
B + 1

B

)2−1/r

,

P =

(
κN

B
ϕ∗ + 2ω(q)−1

)2

+
2κN2

B

(
6

π2
log (A) + δ +

2 logA+ 2

A− 1

)
,

and

Q = 2r(4r)ω(q)B2rmr(q)
√
q +

r2r

r!
Brq.

We can write the upper bound for |Sχ(M,N)| in (18) as

(20)
N1− 1

r

#A 1
r · (B − 1)

P
1
2r ×Q

1
2r +N1−1/rq

r+1

4r2 Ti(q) (log q)
1
2r s.

Factoring out N2/B from P , we deduce

P =
N2

B


(
κϕ∗ + B2ω(q)−1

N

)2
B

+ 2κ

(
6

π2
log (A) + δ +

2 log (A) + 2

A− 1

)(21)

=⇒ P
1
2r = N1/r

(α
B

) 1
2r
,

where for simplicity, we let

(22) α = PB/N2 =


(
κϕ∗ + B2ω(q)−1

N

)2
B

+ 2κ

(
6

π2
log (A) + δ +

2 log (A) + 2

A− 1

) .

Let

β =
B

r2q
1
2r

.

2In the first upper bound we actually have (⌊B⌋+1)2−1/r/⌊B⌋; but the function (x+1)2−1/r/x is increasing
for x ≥ 2, so we can replace ⌊B⌋ by B as shown.
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Then

(23) Q
1
2r = q

3
4r r2β1/2

(
fi
r!

) 1
2r

,

where f1 = r and
f2 = (4r)ω(q)mr(q)(r − 1) + 1.

Therefore, writing B = r2q
1
2rβ, we obtain from Equations (20), (21), and (23) that

(24) |Sχ(M,N)| ≤ N1−1/r

B − 1

(
N

#A

) 1
r

q
3
4r

− 1
4r2 r2−

1
rβ

1
2
− 1

2r

(
αfi
r!

) 1
2r

+N1− 1
r q

r+1

4r2 Ti(q) log(q)
1
2r s.

Let

(25) u =
(N/#A)1/r

q
1

2r2

,

and

(26) w =
fi

r2βr+1r! log q
.

By multiplying and dividing by B and a few other manipulations we can go from (24) to

|Sχ(M,N)| ≤
(

B

B − 1

)
N1−1/rq(r+1)/4r2Ti(q)(log q)

1
2r

(
u(αw)

1
2r

Ti(q)
+ s

)

=

(
B

B − 1

)
N1−1/rq(r+1)/4r2(log q)

1
2r

(
u(αw)

1
2r + sTi(q)

)
,

(27)

as stated in the lemma. □

Using this lemma, we now prove our main theorems separately below.

Proof of Theorem 1.1. Recall that we assume q ≥ max{101145, t1(r)} for t1(r) = ee
a(r)

with
a(r) given in the statement of Theorem 1.1 (and Lemma 5.1), and from (16)

T1(q) =
(
(4r)ω(q)mr(q)

) 1
2r

− 1
2r2

(
q

ϕ(q)

) 1
r

.

By Lemma 6.1 and comparing with (8), it suffices to show that

u(αw)
1
2r + sT1(q) ≤

B − 1

B
CT1(q).

Since 101145 ≥ (10r)18 for r ≤ 1050 while t1(r) ≥ (10r)18 for r ≥ 1050, we apply Lemma
5.4 and conclude that Aϕ∗ ≥ 2ω(q), hence

N

#A
≤ N

Aϕ∗ − 2ω(q)−1
=

N

Aϕ∗ +
2ω(q)−1N

Aϕ∗(Aϕ∗ − 2ω(q)−1)
≤ 2N

Aϕ∗ .

Therefore, (25) satisfies the bound

(28) u =
(N/#A)1/r

q
1

2r2

≤ 21/r

q
1

2r2

(
N

Aϕ∗

)1/r

.

16



From Lemma 5.5, we have

α ≤ 4

3
κ log q.(29)

Using that f1 = r and

(30) β =

(
r − 1

(2r)r!(4r)ω(q)mr(q)

) 1
r

,

we rewrite (26) as

(31) w =
21+1/r(r · r!)1/r

(r − 1)1+1/r log q

(
(4r)ω(q) mr(q)

)1+1/r
.

Furthermore, using (30), B = r2q
1
2rβ, and AB = κN , we have

(32)
N

Aq
1
2r

(
(4r)ω(q)mr(q)

) 1
r =

r2

κ

(
r − 1

r!(2r)

) 1
r

.

Therefore, combining (19), (28), (29), (31), and (32), we obtain

u(αw)
1
2r + sT1(q)

≤ 2
1
r

(
N

Aq
1
2rϕ∗

) 1
r
(
4

3
κ log q

) 1
2r

(
21+

1
r (r · r!) 1

r r
1
r

(r − 1)1+
1
r log q

) 1
2r (

(4r)ω(q)mr(q)
) 1

2r
+ 1

2r2

+
2Cκ1− 1

r

2− 1
r

(
B + 1

B

)2− 1
r

T1(q)

=

(
2

5
2r

− 1
2r2 3−

1
2r (r!)−

1
2r2 (r − 1)

1
2r2

− 1
2r r

2
r
− 1

2r2 κ− 1
2r +

2Cκ1− 1
r

2− 1
r

(
B + 1

B

)2− 1
r

)
T1(q).

Therefore,

(33) C ≥ 2
5
2r

− 1
2r2 3−

1
2r (r!)−

1
2r2 (r − 1)

1
2r2

− 1
2r r

2
r
− 1

2r2 κ− 1
2r

B−1
B

− 2κ1− 1
r

2− 1
r

(
B+1
B

)2− 1
r

.

Now to obtain the constants in Table 1, first, by Lemmas 5.1 and 5.2,

(34) B ≥ 22−
2
r r2
(
1− 1

r

r!

) 1
r

.

Then, choosing κ as in (15), we replace B with 22−2/rr2
(

1− 1
r

r!

) 1
r

in κ since the right side

of (33) is decreasing as B increases for B ≥ 22−2/rr2
(

1− 1
r

r!

) 1
r

. Computing the resulting

expression obtains the C(r) column in Table 1. For the D(r) column in Table 1, we notice
that q → ∞ implies B → ∞, therefore

κ →
(

1

2r

) r
r−1

,
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and we obtain

D(r) =
2

5
2r

− 1
2r2 3−

1
2r (r!)−

1
2r2 (r − 1)

1
2r2

− 1
2r r

2
r
− 1

2r2 (2r)
1

2r−2

1− 1
2r−1

.

□

We prove Theorem 1.2 following the same procedure as the proof of Theorem 1.1.

Proof of Theorem 1.2. Recall that we assume q ≥ max{101145, t2(r)} for t2(r) = 24r−2, and
from (17)

T2(q) =
(
(4r)ω(q)mr(q)

) 1
2r

(
q

ϕ(q)

) 1
r

.

By Lemma 6.1, it suffices to show

u(αw)
1
2r + sT2(q) ≤

B − 1

B
CT2(q).

Similar to the proof of Theorem 1.1, 101145 ≥ (10r)18 for r ≤ 1050 while t2(r) ≥ (10r)18

for r ≥ 1050, thus from (28) and (29),

u ≤ 21/r

q
1

2r2

(
N

Aϕ∗

)1/r

,

and

α ≤ 4

3
κ log q.

Furthermore,

(35) f2 = (4r)ω(q)mr(q)(r − 1) + 1 ≤ r(4r)ω(q)mr(q),

and

(36) β =

(
r − 1

(2r)r!

) 1
r

,

therefore we bound w in (26) as

(37) w ≤ 21+1/r(r · r!)1/r

(r − 1)1+1/r log q
(4r)ω(q) mr(q).

Using (36), B = r2q
1
2rβ, and AB = κN , we get

(38)
N

Aq
1
2r

=
r2

κ

(
r − 1

r!(2r)

) 1
r

.
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Therefore, combining (19), (28), (29), (37), and (38), we get

u(αw)
1
2r + sT2(q)

≤ 2
1
r

(
N

Aq
1
2rϕ∗

) 1
r
(
4

3
κ log q

) 1
2r

(
21+

1
r (r · r!) 1

r r
1
r

(r − 1)1+
1
r log q

) 1
2r (

(4r)ω(q)mr(q)
) 1

2r

+
2Cκ1− 1

r

2− 1
r

(
B + 1

B

)2− 1
r

T2(q)

=

(
2

5
2r

− 1
2r2 3−

1
2r (r!)−

1
2r2 (r − 1)

1
2r2

− 1
2r r

2
r
− 1

2r2 κ− 1
2r +

2Cκ1− 1
r

2− 1
r

(
B + 1

B

)2− 1
r

)
T2(q).

This produces the same conditions on C and D as in the proof of Theorem 1.1, thus we
obtain the constants in Table 1. □
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12. D. R. Johnston, O. Ramaré, and T. Trudgian, An explicit upper bound for L(1, χ) when χ is quadratic,
Res. Number Theory 9 (2023), no. 4, Paper No. 72, 20. MR 4649452

19



13. Kevin J. McGown, Norm-Euclidean cyclic fields of prime degree, Int. J. Number Theory 8 (2012), no. 1,
227–254. MR 2887892

14. J.-L. Nicolas and G. Robin, Explicit upper estimates for the number of divisors of n, Can. Math. Bull.
26 (1983), 485–492 (French).

15. J. Barkley Rosser and Lowell Schoenfeld, Approximate formulas for some functions of prime numbers,
Illinois J. Math. 6 (1962), 64–94. MR 0137689 (25 #1139)

16. Enrique Treviño, The Burgess inequality and the least kth power non-residue, Int. J. Number Theory 11
(2015), no. 5, 1653–1678. MR 3376232

17. , The least k-th power non-residue, J. Number Theory 149 (2015), 201–224. MR 3296008

(Elchin Hasanalizade) School of Information Technologies and Engineering, ADA Univer-
sity, Baku, Azerbaijan

Email address: ehasanalizade@ada.edu.az

(Hua Lin) Department of Mathematics, Northwestern University, Evanston, IL, USA
Email address: hua.lin@northwestern.edu

(Greg Martin) Department of Mathematics, University of British Columbia, Room 121, 1984
Mathematics Road, Vancouver, BC, Canada V6T 1Z2

Email address: gerg@math.ubc.ca
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