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Abstract
We call a finite set of positive integers balanced if all its subsets have integer mean.
For a positive integer N, let M (N) be the cardinality of the largest balanced set all
of whose elements are less than or equal to N, and let S(IV) be the cardinality of
the balanced set with elements less than or equal to N that has maximal sum. It is
known that the set T of N for which M(N) = S(N) does not have an asymptotic
density. In this paper we prove that T' has logarithmic density equal to 0.

1. Introduction

As in [5] we say a finite set A of positive integers is balanced if, for any subset
B C A, the arithmetic mean of the elements of B is an integer, i.e.,
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Inspired by problem 2 of the Mexican Mathematical Olympiad 2017, we consider
balanced sets of positive integers bounded above by some integer N. For a positive
integer N, let M (N) be the size of the largest balanced set all of whose elements are
at most N, and S(N) be the size of the set with maximal sum among balanced sets
all of whose elements are at most N, with the understanding that if two or more
balanced sets achieve the maximal sum, we take the set with most elements'. As
mentioned in [5], among the first million positive integers N, we have M (N) = S(N)
for the following values of N.

In [5], we didn’t realize that S(IN) wasn’t well-defined because there exist N’s for which there
are balanced sets of different sizes achieving the maximal sum.
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1< N <18,
31 < N < 48,

85 < N < 300,
571 < N < 2940,
18481 < N < 22680,
54181 < N < 304920.

It is hard to characterize the values of N on which M (N) = S(N), however, we
have some results. For example, if we define L(n) = lem{1,2,...,n}, Lemma 5 on
[5] characterizes when M (N) = S(N) for ¢L(q¢) < N < pL(p) when ¢ < p are large
enough consecutive primes for which there is no prime power between ¢ and p. The
lemma states:

Lemma 1. Suppose q < p are consecutive primes for which there is no prime power
in the interval (q,p). Let k =p—q.

1. For N such that

pL(p) > N > max{( . ;) Lip—1), L(p)(p? ;pz;ff q+1) }7

we have M(N) = S(N).
2. 1If

L(p)(p gpll’g_ atl) (p— ;) L(p—1),

for N satisfying

Lip)p* —p—q+1)

L 1<N< )
qL(q) +1< ook

we have M(N) # S(N).

This lemma was used to show that the upper density for the set T' of all values
N such that M(N) = S(N) is 1, while the lower density of T is 0.
We will simplify Lemma 1 to the following:

Lemma 2. Suppose ¢ < p are consecutive primes for which there is no prime power
in the interval (q,p). Let k =p—q. If ¢L(q) < N < pL(p), then M(N) = S(N) if
and only if
Lp)(p* —p—q+1)
2pk

Furthermore, when ¢L(q) < N < W, 1< M(N)-S(N) <k, with all

integer values in [1, k] realized for some N.

< N < pL(p).
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When these results were presented at Integers 2025, Alexander Borisov asked if
the logarithmic density exists, and Tristan Phillips asked if there’s a bound for the
difference between M (N) and S(N). Tristan Phillips’ question can be answered in
the negative from Lemma 2. The answer to Borisov’s question is our main theorem:

Theorem 1. The logarithmic density for T = {N € N|M(N) = S(N)} is 0. That
18,

. 1 1
xlggo log Z N 0
N<lz
M(N)=S(N)

The proof requires strong theorems about the distribution of prime gaps, in
particular we need the sum of consecutive prime gaps to be small. We use the
following result of Peck [3] improving on results of Heath-Brown [1, 2] (Stadlmann
[4] made further improvements but her results have not been published yet).

Theorem A. Let py,ps,... be the list of primes in order. Let x be a positive real
number. Then

Z (pn _pn71)2 <<e xi+€~
3<pn<z

In Section 2, we will prove some lemmas about the distribution of gaps of consec-
utive primes we will need to prove Theorem 1, and we will prove a cleaner version
of Lemma 1. In Section 3 we will prove Theorem 1.

Notation

For the rest of the paper, we will use L(n) = lem{1,2,...,n}. Asareminder f(z) <
g(x) means that there exists a positive constant C' such that |f(x)| < Clg(z)|. We
also say that f(z) = o(g(x)) if

L f@)

im —= =0
z—oo g(x)

2. Results on gaps of consecutive primes and other useful lemmas

The following lemma, which can be of independent interest, can be thought of as
bounding the sum of the largest z consecutive prime gaps for some value of z (in
this case for z < /).
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Lemma 3. Let p1,po,... be the list of primes in order. Let x be a positive real.
We say p; € B if there is a prime power in the interval from p;_1 to p;.

8
Z (pn 7pn—1) L x9.

3<pn<z

pn€B
Proof. Note that the number of elements in B is bounded above by the number
of prime powers less than or equal to . Therefore |B| < v/z. Let € > 0. From
Theorem A and Cauchy-Schwarz,

Z (pn _pn—l) < \/B| : Z (pn _pn—1)2
3

3<pn<z <pn<z
pn€B

=

1 5 T4 €
& Vaxsgate = g5ty « g9,
O

The following lemma gives a simple bound for the sum of the logarithm of con-
secutive prime gaps.

Lemma 4. Let py,pa,... be the list of primes in order. Let x > 0 be a real number.

Then log]
T 10g log x
Z log (pn _pn—l) < &

log x
3<pn<a &

Proof. Let N = w(x). By AM-GM

Z log (pp, — pn—1) = log H (Pn — Pn—1)

3<pn<z 3<pn<z

()
S ().

From the Prime Number Theorem, we have N' = == (1 4 o(1)), hence

T T x loglog x
E log(pn—pn1)<<log< — ><< 8087
log x

= log
3<pn <z log x g

The following lemma will allow us to simplify Lemma 1.
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Lemma 5. Suppose 5 < g < p are consecutive primes. Let k =p — q. Then

Lp)(p*—p—q+1)
2pk = (

- ;) L(p—1).

Proof. First note that L(p — 1) = %. Therefore, the inequality reduces to trying
to show

2
p—p—q+1 1
—_— > .

% =3

We want to show

<p2—p—q+1 CpP-2p+k+1
2 —1 B 2p—1 ’

k

Therefore, we want to show

p—1
k< ——.
2

From Bertrand’s postulate, for n > 3 there is always a prime r such that n <
r < 2n — 2, so when p > 5, we have n = (p + 1)/2 > 3, which implies there is a
prime r such that % < r < p—1. In particular, p'gl < q¢ < p—1 and hence
k=p—gqg< %. O

We can now prove Lemma 2

Proof of Lemma 2. The proof of the characterization follows almost directly from
Lemma 1 together with Lemma 5. The one possible exception is the case N =
W. However, in the proof of Lemma 5 in [5], the > symbol can be
changed to a > symbol once the definition of S(N) is done correctly to account for
the fact that multiple balanced sets could achieve the maximal sum, and that in
the case of a tie in the sum, we take the set with more elements.

For the result about the difference between M (N) and S(N), it follows from Lem-
mas 2 and 5 in [5], where for (m—1)L(m—1)+1 < N < mL(m) we have M(N) = m,
while for ¢L(¢g) +1 < N < W we have S(N) = ¢q. Therefore, in the
range where S(N) = g we have different intervals where M(N) =q+1,q+2,...,p,
namely

(qL(q), (¢ +1)L(q)],((g + 1)L(q), (¢ +2)L(q)], - - -,

((q+ k- DE(g), 22 Lot

where we used that L(q¢+14) = L(q) for 0 < i < k and the last interval is not empty
because of Lemma 5. O
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3. Proof of the main theorem

Now we are ready to prove our theorem about logarithmic density.

Proof of Theorem 1. Let = be a large real number. Suppose p is the largest prime
such that pL(p) < z. From the Prime Number Theorem, we have log L(p) = p+o(p).
It follows that p < (1 + o(1)) log .

Suppose ¢ < r are consecutive primes such that there is no prime power between
q and r. Let k =r — ¢q. Then from Lemma 2,

! 1
L();]\KL()N_L()(Q__§ N
! Mq(N):E(N) e SN<rL(r)
rL(r)2rk
1 log k. 1
<<0g(L(,,,)(T2_T,_q_1)) < log ()

On the other hand, if ¢ < r are consecutive primes for which there is a prime
power between ¢ and r, we have

1 1
> NS > N
qL(q)<N<rL(r) qL(q)<N<rL(r)
M(N)=S(N)
< log (’”L(’")) — log(L(r)) — log(L(q)) + log () <r—q (2)
qL(q) q '

Let p1,po, ... be the list of primes in order with p,, = p. For notational purposes,
let po = 1 and P be the set of prime powers. From (1) and (2), we get

1 n+1 1
>yt > v
N<z i=1 pj_lL(pi_1)<N§p1,L(p1,)
M(N)=5(N) M(N)=S(N)
1 1
ST SRS > 4
1<i<n+1l  p; 1 L(pi—1)<N<p;L(p;) 1<i<nt1l p;_1L(pi—1)<N<p;L(p;)
(Pi—1,p:)NPF#D M(N)=S(N) (pi—1,p:)NP=0 M(N)=S(N)
< > i—pic)+ Y, log(pi —pica)
2<i<nt1 2<i<n+1
(pi—1,pi)NP#D (Pi—1,pi)NP=0

Note that p, < logz, so p,+1 < logx. Now, applying Lemmas 4 and 3, we get
1

Z NS Z (pi —pi—1) + Z log(pi — pi-1)
N<z 2<i<n+1 2<i<n+1
M(N)=S(N) (pi—1,pi)NP#D (pi—1,pi)NP=0

log x log log log =

=o(l .
log log o(log z)

< (logz)s +
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Therefore

1 1
li — =0.
o300 log = NZ<x N
M(N)=S(N)

O
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