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3.8 Newton’s Method

0 0.012

—0.05

FIGURE 1

Try to solve Equation 1 numerically
using your calculator or computer.
Some machines are not able to solve it.
Others are successful but require you to
specify a starting point for the search.

CHAPTER3 Applications of Differentiation

o

3. Hows much faster is the speed for minimum energy than the speed for iy
4. In applying the equation of Problem 1 to bird flight we split the term A3 into

Av? for the bird’s body and A,»* for its wings. Let x be the fraction of flying tig
flapping mode. If m is the bird’s mass and all the lift occurs during flapping, g,
is mg/x and so the power needed during flapping is

B 2
Pnap = (Ab + Aw)?)'! + _‘(__—mg/x)
v

The power while wings are folded is Prog =
flight cycle is

Ay’ Show that the average pow,

RIS B L
P = xPrp + (1 ~ X)Pra = A® + xA,0° + 29"
Xv

5. For what value of x is the average power a minimum? What can you conclug
slowly? What can you conclude if the bird flies faster and faster?

6. The average energy over a cycle is E = P/p. What value of x minimizes E9

Suppose that a car dealer offers to sell you a car for $18,000 or for pay.
month for five years. You would like to know what monthly interest rate
effect, charging you. To find the answer, you have to solve the equation

(1] 4x(1 + 2% — (1 + 0% + 1 =0

(The details are explained in Exercise 39.) How would you solve such
For a quadratic equation ax + bx + ¢ = 0 there js a well-known
solutions. For third- and fourth-degree equations there are also formu
tions, but they are extremely complicated. If f is a polynomial of d
there is no such formula (see the note on page 164). Likewise, there is
will enable us to find the exact roots of a transcendental equation such 3

We can find an approximate solution to Equation 1 by plotting the |
equation. Using a graphing device, and after experimenting with viewin
produce the graph in Figure 1.

We see that in addition to the solution x = 0, which doesn’t inte.
solution between 0.007 and 0.008. Zooming in shows that the root
0.0076. If we need more accuracy we could zoom in repeatedly, but
some. A faster alternative is to use a calculator or computer algebra SY? .2
equation numerically. If we do so, we find that the root, correct to nine
is 0.007628603.

How do these devices solve equations? They use a variety of meth
them make some use of Newton’s method, also called the Newton >
We will explain how this method works, partly to show what happens 1
or computer, and partly as an application of the idea of linear approXima
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A Preview of Caleulus on page 5.
_ nore thorough discussion starts
ection 11.1.
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The geometry behind Newton’s method is shown in Figure 2. We wish to solve an
equation of the form f(x) = 0, so the roots of the equation correspond to the x-intercepts
of the graph of f. The root that we are trying to find is labeled r in the figure. We start
with a first approximation x;, which is obtained by guessing, or from a rough sketch of
the graph of f, or from a computer-generated graph of f. Consider the tangent line L to
the curve y = f(x) at the point (xi, f(x1)) and look at the x-intercept of L, labeled x».
The idea behind Newton’s method is that the tangent line is close to the curve and so
its x-intercept, Xz, is close to the x-intercept of the curve (namely, the root r that we are
seeking). Because the tangent is a line, we can easily find its x-intercept.

To find a formula for x; in terms of x; we use the fact that the slope of Lis f "(x1), so
its equation is

y — f(x1) = f'(x)x = x1)
Since the x-intercept of L is x2, we know that the point (x2, 0) is on the line, and so
0 — fla) = f'(x1)(x2 — x1)

If £'(x;) # 0, we can solve this equation for xa:

f(xl)
f'(x])

X2 =X —

We use x; as a second approximation to r.
Next we repeat this procedure with x, replaced by the second approximation x, using
the tangent line at (x2, f(x2)). This gives a third approximation:

. flx2)
’ f(x2)

I3 =X

If we keep repeating this process, we obtain a sequence of approximations xi, X2, X3, Xa, . . .
as shown in Figure 3. In general, if the nth approximation is X, and f'(x.) # 0, then
the next approximation is given by

)
@ Xn+1 Xn f,.(xn)

If the numbers x, become closer and closer to r as n becomes large, then we say that

the sequence converges to r and we write

lim x, =r

n—so
Although the sequence of successive approximations converges to the desired root for
functions of the type illustrated in Figure 3, in certain circumstances the sequence may
not converge. For example, consider the situation shown in Figure 4. You can see that
x» is a worse approximation than x,. This is likely to be the case when f'(x;) is close to
0. It might even happen that an approximation (such as x5 in Figure 4) falls outside the
domain of f. Then Newton’s method fails and a better initial approximation x; should
be chosen. See Exercises 2932 for specific examples in which Newton’s method works
very slowly or does not work at all.
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274 CHAPTER 3 Applications of Differentiation

In Module 3.8 you can investi-
gate how Newton’s method works for
several functions and what happens
when you change x;.

Figure 5 shows the geometry behind
the first step in Newton’s method in
Example 1. Since f'(2) = 10, the
tangent lineto y = x> — 2x — Sat
(2, —1) has equation y = 10x — 21
S0 its x-intercept is x, = 2.1.

y=x’-2x—75
18 4 22

X2

— =

f —y=10x—-21

-2

FIGURE 5

EXAMPLE 1 Starting with x; = 2, find the third approximation x to the root Ofﬂl
equation x*> — 2x — 5 = 0.

SOLUTION We apply Newton’s method with
fxX)=x*-2x-35 and flx)=3x*-2

Newton himself used this equation to illustrate his method and he chose x;, = 2 aft
some experimentation because f(1) = —6, f(2) = —1, and f(3) = 16. Equation 2
becomes

f(xn) x2—2x,— 5
Xn = Xn — SRR e e
o £'(xn) 3x2 — 2
With n = 1 we have
f(x) X —2x -5
=X - = - —
N ey ]
22 ~2(2) -5 A
=2 - —=21 i
3(2) -2 3
Then with n = 2 we obtain
3 3
Xz — 2XZ - 5 (2.1) = 2(21) = 5
=x—-———=21- == 2,
X3 = X, = 2 3217 - 2 2.0946

It turns out that this third approximation x; = 2.0946 is accurate to four decimal
places. 3

Suppose that we want to achieve a given accuracy, say to eight decimal places, 8
Newton’s method. How do we know when to stop? The rule of thumb that is genef
used is that we can stop when successive approximations x, and x,+, agree to eightd
mal places. (A precise statement concerning accuracy in Newton’s method will bej
in Exercise 11.11.39.)

Notice that the procedure in going from nton + 1 is the same for all values of
called an irerative process.) This means that Newton’s method is particularly col
for use with a programmable calculator or a computer. 3

EXAMPLE 2 Use Newton’s method to find /2 correct to eight decimal places

SOLUTION First we observe that finding §/2 is equivalent to finding the positive T
the equation :

xX=-2=0 "

so we take f(x) = x® — 2. Then f'(x) = 6x° and Formula 2 (Newton’s method)
becomes !

flx) x— 2

Xn+1l = Xp —

) " e
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If we choose x; = 1 as the initial approximation, then we obtain
- X2 == 1.16666667
x3 = 1.12644368
X3 = 1.12249707
X5 = 1.12246205
xe =~ 1.12246205

Since x5 and x¢ agree to ei ght decimal places, we conclude that

2 =~ 1.12246205

to eight decimal places. )

EXAMPLE 3 Find, correct to six decimal places, the root of the equation cos x = x.

SOLUTION We first rewrite the equation in standard form:

cosx—x=10

Therefore we let f(x) = cos x — x. Then f'(x) = —sin x — 1, so Formula 2 becomes
COS X, — X, Cos X, — X,
Tt =Xy = =y, 4 — 1
—sinx, — 1 sinx, + 1

In order to guess a suitable value for x1 we sketch the graphs of y = cos x and Yy ==xin
Figure 6. It appears that they intersect at a point whose x-coordinate is somewhat less
than 1, so let’s take x; = 1 as a convenient first approximation. Then, remembering to
put our calculator in radian mode, we get

x2 = 0.75036387
x3 = 0.73911289
xq = 0.73908513
Xs = 0.73908513

Since x, and x5 agree to six decimal places (eight, in fact), we conclude that the root of
the equation, correct to six decimal places, is 0.739085. (]

Instead of using the rough sketch in Figure 6 to get a starting approximation for
Newton’s method in Example 3, we could have used the more accurate graph that a
calculator or computer provides. Figure 7 suggests that we use x, = 0.75 as the initial
approximation. Then Newton’s method gives

X2 = 0.73911114
x3 = 0.73908513
xs =~ 0.73908513

and so we obtain the same answer as before, but with one fewer step.

——— R
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3.8 EXERCISES

1. The figure shows the graph of a function J. Suppose that
Newton’s method is used to approximate the root s of the
equation f(x) = 0 with initial approximation x, = 6.

(a) Draw the tangent lines that are used to find x>z and xa,
and estimate the numerical values of x, and xs.
(b) Would x; = 8 be a better first approximation? Explain.

2. Follow the instructions for Exercise 1(a) but use x; = 1

as the starting approximation for finding the root r.

3. Suppose the tangent line to the curve y = f(x) at the point
(2, 5) has the equation y = 9 — 2. If Newton’s method is
used to locate a root of the equation f(x) = 0 and the initial
approximation is x, = 2, find the second approximation x,.

4. For each initial approximation, determine graphically what
happens if Newton’s method is used for the function whose
graph is shown.

(a) =20 (b) x=1 (C) xn=3
(d) x,=4 (€) x, =

YA

o0 1 \: s/ =

5. For which of the initial approximations x; = a, b, ¢, and d
do you think Newton’s method will work and lead to the
root of the equation f(x) = 0?

y

6-8 Use Newton’s method with the specified initial approxima-
tion x; to find xs, the third approximation to the root of the given
equation. (Give your answer to four decimal places.)

6. 2x* —3x2+2=0, x =-1

23-26 Use Newton’s method to find all the solutions of the

2
7.—=x"4+1=0, x,=2 8. ' +4=9
x

9. Use Newton’s method with initial approximation X =

to find x,, the second approximation to the root of the
tion x* + x + 3 = 0, Explain how the method works
first graphing the function and its tangent line at (- |,

10. Use Newton’s method with initial approximation x, =

find x2, the second approximation to the root of the eq
x* = x = 1 = 0. Explain how the method works by fi
graphing the function and its tangent line at (1, -1).

11-12 Use Newton’s method to approximate the given ny
correct to eight decimal places.

1. 475 12. ¥/500

13-14 (a) Explain how we know that the given equation m
have a root in the given interval. (b) Use Newton’s method
approximate the root correct to six decimal places.

13. 32" = 8x* + 2 =0, [2,3]
14, —2x° +9x* — 7 — 11x =0, [3, 4]

15-16 Use Newton’s method to approximate the indicatedi
of the equation correct to six decimal places.

15. The positive root of sin x = x?

16. The positive root of 3 sin x = x

17-22 Use Newton’s method to find all solutions of the equ
correct to six decimal places. |

17. 3cosx=x + 1 18, Vx+ 1=x>—x
1 ]

19.;=3/I—1 20, (x — 1) = &

21. * =cosx 22, sinx = x* — 208

equation correct to eight decimal places. Start by drawinga
graph to find initial approximations. g

23, 22X —5x* +9x*+5=0

24, X =3+ x -2 — x4+ 6=0

X

5.
& x4+ 1

=]

26. cos(x® — x) = x*




a) Apply Newton’s method to the equation x* — a = 0 to
derive the following square-root algorithm (used by the
ancient Babylonians to compute /a ):

) Use part (a) to compute 4/1000 correct to six decimal
- places.

s Apply Newton’s method to the equation 1/x — a = 0to
Illﬂ' - derive the following reciprocal algorithm:

Xat1 = 2X, — ax?

(This algorithm enables a computer to find reciprocals
without actually dividing.)

.. Use part (a) to compute 1/1.6984 correct to six decimal
~ places.

. Explain why Newton’s method doesn’t work for finding the
- root of the equation

B =3%+6=0

if the initial approximation is chosen to be x, = 1.

a) Use Newton’s method with x, = 1 to find the root of
8 the equation x* — x = 1 correct to six decimal places.
- (b) Solve the equation in part (a) using x, = 0.6 as the

~ initial approximation.

~ (c) Solve the equation in part (a) using x, = 0.57. (You

3 definitely need a programmable calculator for this

B part)

: ~ (d) Graph f(x) = x* — x — 1 and its tangent lines at

3 3 X1 =1, 0.6, and 0.57 to explain why Newton’s method
uation : {'f 15 50 sensitive to the value of the initial approximation.

31. Explain why Newton’s method fails when applied to the
~ equation x = 0 with any initial approximation x, 5 0.
~ Illustrate your explanation with a sketch.

(x) = Vo ifx=0
Fo = —/=x ifx<0

then the root of the equation f(x) = 0is x = 0. Explain
why Newton’s method fails to find the root no matter which

nitial approximation x; # 0 is used, Illustrate your expla-
nation with a sketch.

: 6 (a) Use Newton’s method to find the critical numbers of the
o function

flx) =x% — x* + 3x® — 2x

correct to six decimal places.
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(b) Find the absolute minimum value of f correct to four
decimal places.

34. Use Newton’s method to find the absolute maximum value
of the function f(x) = xcos x, 0 < x < m, correct to six
decimal places,

35. Use Newton's method to find the coordinates of the inflec-
. ton point of the curve y = x2sinx, 0 < x < 7, correct
to six decimal places.

36. Of the infinitely many lines that are tangent to the curve
y = —sinx and pass through the origin, there is one that has
the largest slope. Use Newton’s method to find the slope of
that line correct to six decimal places.

37. Use Newton’s method to find the coordinates, correct to six
decimal places, of the point on the parabola y = (x — 1)?
that is closest to the origin.

38. In the figure, the length of the chord AB is 4 cm and the
length of the arc AB is 5 cm. Find the central angle 6, in
radians, correct to four decimal places. Then give the
answer to the nearest degree.

39. A car dealer sells a new car for $18,000. He also offers to
sell the same car for payments of $375 per month for five
years. What monthly interest rate is this dealer charging?

To solve this problem you will need to use the formula
for the present value A of an annuity consisting of n equal
payments of size R with interest rate i per time period:

R
A=—[1-@1+i)7]
4
Replacing i by x, show that
Bx(1+ 0 -1 +x0%+1=0

Use Newton’s method to solve this equation.

40. The figure shows the sun located at the origin and the earth
at the point (1, 0). (The unit here is the distance between the
centers of the earth and the sun, called an astronomical
unit: 1 AU = 1.496 X 10® km.) There are five locations
Ly, Ly, L3, L4, and Ls in this plane of rotation of the earth
about the sun where a satellite remains motionless with
respect to the earth because the forces acting on the
satellite (including the gravitational attractions of the earth
and the sun) balance each other. These locations are called
libration points. (A solar research satellite has been placed




