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For two positive integers n, m, the identity nm = gcd(n,m)lcm(n,m) is a classic
elementary number theory exercise usually proved using the Fundamental Theorem
of Arithmetic. In this capsule, our aim is to prove the statement using ideas from
dynamical systems.

Before we get to our proof, we need to recall a few definitions from dynamical
systems.

Definition. For a function f : A → B, z ∈ A is a periodic point of period k for the
function f if fk(z) = z and f j(z) ̸= z for all j < k, where fk denotes the composi-
tion of f with itself k times.

Given z ∈ A, the set Of (z) = {w ∈ A : w = fk(z) for k a nonnegative integer}
is the orbit of z under f . In the case that z is periodic, this set is finite and it is called
the periodic orbit of z.

We are now ready for our proof.

Theorem 1. Let n, m be positive integers, then nm = gcd(n,m)lcm(n,m).

Proof. Consider f : C → C defined by f(z) = z2. Note that fn(z) = z2
n

. Take ζ
to be a (2n − 1)-th primitive root of unity, then ζ2

n
= ζ and so z0 = ζ is a periodic

point of period n for f (the orbit is {ζ, ζ2, ζ4, ζ8, . . . , ζ2n−1}). Similarly, if ω is a
(2m − 1)-th primitive root of unity, then w0 = ω is a periodic point of period m for
f .

Let A = {z0, z1, . . . , zn−1} be the orbit of z0 and B = {w0, w1, . . . , wm−1} be
the orbit of w0, where zi = ζ2

i
and wj = ω2j . Let F : A × B → A × B be de-

fined as F (a, b) = (f(a), f(b)). We will show that F has gcd(n,m) periodic orbits
generated by A and B, all of period lcm(n,m). Note that this will imply our theorem.

Given zi ∈ A and wj ∈ B, then as the periods of zi and wj under f are n and
m, respectively, the orbit of (zi, wj) under F has period M = lcm(n,m). To see
this, observe first that FM(zi, wj) = (fM(zi), f

M(wj)) = (fnk1(zi), f
mk2(wj)) =

(zi, wj) as zi has period n and wj has period m, where M = nk1 = mk2. Now, in
order to see that M is the minimal integer with the previous property, suppose that
there is a positive integer t < M so that F t(zi, wj) = (f t(zi), f

t(wj)) = (zi, wj).
As zi has period n and wj has period m, then t is a multiple of n and m, which
contradicts the minimality of M .

Let d = gcd(n,m). Let Ok be the orbit of the point (z0, wk). We will show
(zi, wj) ∈ Ok if and only if j − i ≡ k mod d.

Suppose (zi, wj) ∈ Ok. Then there exists an integer ℓ such that F ℓ(z0, wk) =
(zi, wj). But then ℓ ≡ i mod n and ℓ + k ≡ j mod m. Therefore, there exist in-
tegers r, s such that

rn+ i = ℓ = (j − k) + sm. (1)
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We can write n and m as dn′ and dm′, respectively, with gcd(n′,m′) = 1. Then (1)
implies

d(n′r −m′s) = j − k − i. (2)

It follows that d|(j − k − i), so j − i ≡ k mod d.
Now suppose j − i ≡ k mod d, then j − i − k = du for some integer u. By

Bézout’s identity ([2, Theorem 25]), there exists integers x, y such that n′x+m′y =
1, so let r = xu and s = −yu, and we have that (2) is satisfied, so F ℓ(z0, wk) =
(zi, wj). Therefore, (zi, wk) is in the orbit of Ok.

Then the orbits O0, O1, . . . , Od−1 partition A×B. It follows that there are exactly
d orbits, each of which has M elements, so Md = nm as we wanted to show.

Remark. Our proof required Bezout’s identity, a key ingredient in the standard proof
that factorization of integers greater than 1 into prime factors is unique up to ordering
(the uniqueness component of the Fundamental Theorem of Arithmetic).
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